APPLICATIONS OF
DE-MOIVRE'S THEOREM

0] Importeint Points from the Chapter

1. De-Moivre’s Theorem Whatever be the value of n, positive, negative
or fractional then value or one of the values of (cos9 + igin )" ig
cos n@ + isin no.

2. If p and ¢ are two integers relatively ‘prime to each other, then
(cos® + isin0)”'? has exactly g distinct values.

3. Expansion of cos nf and sin nf, when n is a positive integer
We know that
cos 10 + isin n0 = (cosO + isin O)"

=cos" 6 + "C, cos” "' 0 (i 5in0) + "C, cos™ 20 (i sin §)?
+ "Cy cos” % 0 (isin 0> +...+ (18ing)".

On equating real and imaginary parts on both sides of the above
equation, we get

cos 1@ = cos" 0 — "C, cos” " 20sin0 + "C,, cos™ " *0sin’6 ...
and sin n@ = "C; cos" "' 0sin® — "C, cos” 2 Bsin’ @
' + "C5 cos™ ° Bsin® 0 —....

(E)Very Short Answer Questions

Q@ 1. If x=cos 0 + isin 6 and 41 - c* = nc —1, then show that

1+ ccosO= £ 1+ nx) (1 + E). (2005)
, - 2n X
1 ..
= ;sin 6, then = = cos® — isin®-
Sol. We have, x=cos6 + 1sin i |
1. .0
On adding, we get x + o =2cos0
Also, given that, \/ 1-c¢=nc-1

O /5
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1—¢ =n®+ 1-2nc
onc=c*(l + n?

A 2n=c(l + n? i
j} ,_,,(1+nx)(1+ )=_<_3_r1+n2+ N ..(ii)
RHS x 2n|_ R L ;)J

=+
., =5 1+ n? + n(2 cos0)] [from Eq, ()]
| L + 2 |

l_ n cos0 _| [from Eq. (if)]

=1+ ccos®=LHS Hence proved.

02, Expn dcos®0ina series of cosines of multiplies of 6. ~ (2003)

|

6
1 1 1
Yow, we have @ cos 6)6 = (x+ ;) = 6Cox6 + 601x5 ._+ 602 x4...x5
| 1

. . 1 ..
'1301 Let x=cos0+ 1sin@ so that — = cos0 — i sin @

x

.j‘:

o 1 ' ..
cos n@ + 1S nd and —x—u = cos nb — isin n@

1 1
jl‘herefore, x+ , =2cos6 and x" + F =2 cos nb.

1
+ Gcsx xa GC4x2 —"+ 605:)6 -xT'i' C '—x—s'
1 1 -
(x +-—)+6( )+15(x2+;2-)+20
x5 x?
© =9c0s60 + 6(2cos40)+ 15( cos20) + 20
3 6 0560 =2 [cos60 + 6cos48 + 15 c0s20 + 10]
3 cos 9—5-[cos69+6cos46+15c0529+10]
+10.

| @3. Prove that 32cos® 6 = cos 60 +6cos46+15c0529 s, 1D

180l g same as Q. 2.
] . in 560
| 94. Prove that 28sin® 9 =sin9 6 —9sin79 +.36sm (2016, 2000)

~845in36 +126sin 6.
oL Let x=cos@ + isin® so that i =c0s0 — isine

' 1 _jsinnb
xn=cosn9+isinn9and;—n—=005n9 L _

e -

5

L
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| |
Therefore, x - " =200 and & = &"I 29 1 nin ),

PN
|
Now, (2 igin 0)" = (;\-! = %)
1

l [ ( l )
= :X - “(/'l \“ “(j:ex’ ' "‘;;} = "(/’dxj = ‘ ’deﬁ "“" {(j 4 ]

1 1 1
"(:u:x" — U(f V/ “Cux‘;g-”(} l
X x X f 5

= (x" - ;:w) -g(x’f _ J;,) 'm(x “;11“) 84(35’ ..;dL) ¥ 126(%:15]
= 27i8in"0 =2i8in 90 - 9@ i #in 70)+ 86 (2 i8in 50)
| | ~ 842 isin30) + 126(2 t6ing)
= 28 5in? 0 =6in 90 - 98in 70 + 368in 50 —846in 30 -+ 1268in0,
Hence proveg,

Q 5. Prove that :
27 5in"0 = cos 80 ~ 8cos 60+ 28¢0s 40 ~ 5605 260 +35. 5,

Sol. Let x=cos0 + isin, so that L cos0-ising
X

L] . y ]l ] L}
x" =cos nd + isin nd and-x—u=cos nd —isin nd

Therefore, x — 1 =21isin06 and x”" + —31- =2 cos no.
x

8
We have, (2isin0)® = (x—i) ]
= 28ginf0=x -SClx " Bsz xz 8(1,335 x., 804354';14-_
- 1 g, 1
- %Cga® 3{ 8ng2 8C7ac7+ Co' 5

=(x8+1) 8(x+1)+28(x +1) 56(x2+;2-)+70 :f
=2 0880 —8(2cos60) + 28(2 cos40) - 56 2 cos26) + 70 4

985in®0 =2 (cos 80 — 8 cos 66 + 28 cos 40 — 56 cos 26 + 35)

=
= 2 75in®0 = 0886 —8c0s60 + 28 cos40 - 56cos20 + 35 )
Hence prove®

‘. . ; . _a5gin0

@ 6. Prove that 26 5in” 6 = sin 70 — 7sin 50 + 21sin 30 35(2017’ 0

, i o
=  8in @, so that — = cos® — isin®.
SOI.' Let x=cos8 + 8 .

S R R i M e i
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‘ 7
e have, (2isin@)’ = (x - l)

[;'9},‘2‘_‘_‘!—“‘ —_— e~ vy abdl) JAVAURARRALIVASAA A D L apud L JuJ

n_ Y '
%" =cosnb + isin nd and—1—=cos no — isin no.

1
IR, T 1 -
therefore, x = 2isin6 and x" —--’;n—=2zsmn9.

X
] 21i'sin"0 =27 ~70.,6.1 7 1 1 1
' RN RS
| ~ "'c5x2-i5+ 706x-l6 -, —17-
X X X
B —i27sin79=(x7_l)_7(5_i s 1 1
_ o 7 5 +21|x - |- 85(x- -
0T 2T : .
= —12'sIn° 0 =2isin 70 - 7(2isin50) + 21(2 i sin 30) —35(2 i 5in 0)

L —265in79=sin79—.7sin59+21sin39—35sine.

Hence proved.

it

(ie Short Answer Questions

Q 1. Solve x® =1by De-Moivre’s theorem and prove the sum of nth
powers of the roots of this equation, n being an integer not
divisible by 5, is zero. 2014)

Sol. We have, ¥ =1=cos2k® + isin2kn

. . : 2k
= x= (Coszkﬂ + lSlI_‘lelt)ys =cos_?rt + iSin-z—ilt-

| where, £=0,1,2,3,4.

Hence. the roots of the above equation are
| 2n 'singlt— cos4—“+isin47t
1, COS—E’_ + 1 5 ? 5 5 ,

8

. br 8n . .
6m + ism—5—— and cos?+ 1sin —,

cos —
5

wers of these roots

.. Sum of nth po
2, 03" + 0", where

P
=C08— + isingtt_

=1n+a"+a )
5 5

S21r. + isin 2-,1;)5“
— | cos— —_—
1-|¢ 5 5

el 8

6n
- 7= ( o2m .. 2n\"
-0 - — + 181N —
1 1 (cos5 5)

—
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w
1 - cos2nm — isin2nm _0
- onm . 2nm

— 0§ —— — i8I ——
! 5 5
Because numerator is equal to zero, but the denominator is not equa] ¢,
zero, for n being not a multiple of 5. Hence Proveq

Q 2. Apply De-Moivre’s theorem to solve the equation
1+ 2™ +@1-x0"=0. (2010, gg

Sol. We have, (L + 02 + 1 -%™=0

o
= (1 LY x) =-1=cos (-rt) £ isin (-1)

1-x
= (——14- x) = [cos @rnt — &) £ isin @rr )
=coszrn_1t + isinzrn ,—n, r=1,23,..,n
‘ : n 2n
- — + . .
Assumeu=e, then 1 +x= cos® £ isin6
2n . 1-x 1 : ,

Apply componerndo and dividendo, we get
l+x)—(Q-x) cosb* isin® —1

l+x)+(1Q-x) " cosO+ isin® +1

¥Zsin29i2isin9cosg Zizsin2gi2isin9-cos9'

= : = 9 2 _ 2- 2 2
. 20 .. 0 0 - 90 .. 0 0
2cos“—*2isIn—cos— 2cos“— =+ 2isin—cos—

S R 2 2 ~ 2 2 2

= x=iitang=iitanw, where r=1,2,...,n

4n

@ 3. Ifa, B are roots of x? - 2x + 4 =0, prove that

" +pn=2"""cos %’E (2018)
Sol. Given, x* —2x+4=0
9+ J4-16 2+,-12 2+2V3i
= X=—""9 2 2
x= 41+L\/_
Leta—1+z«/§andﬁ 1-iv3

=1+ i3 = 2[cosg—+ Ls1n1t3—J

BN - S T

ﬁ#l—?ﬁ:ZLcosg—lsm—J '

|
]
)

-t
g

—
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| Hence, the roots of the given equation are

2n ..
0 =c0s — + Isin —.
! 7 7

) —

1 nTc . » iln °

f =2" (cos— + 1 sin ~) + nr

i L\ 3 3 mm?;‘lﬁmE%]
' 3

nm
=9" 2°°S'—,}=2"”cos nn |
8 Hence proveq,

4, Use De-Moivre’s theorem to solve the eqyay:
Q 6, 5, 4, .3 o quation

| e have, x6+x5+x4+x3+x2+x+1= (2013, 01)
}Sol-W 0

1+x+2%+2 + 2+ 6 42520

2 7
11-x") :
| _(____=0=>1—x7=0,wherex'¢1

= 1-x

e ¥ =1=cos0 + isin0

Therefore, *= W)Y = (cos 0 + isin 0)7

= (cos 2km + isin 2km)”

2kn . . 2km . ‘
=C°ST+ Lsm—77—,wherek=0, 1,2,3,4,5,6

( ont . . 2n)k
=|cos== + isin—
N

|, k 2K . . 2.
ie.x=0", where ot = C08 — +isin—-

Thus, the roots are 1, o, a2, &, o*, &® 0 but x=1is not possible.
6
o,02,a®,04,0°,0° where

21

Q 5. Use De-Moivre’s theorem to solve the equation

[

| - x* — 34+ x2-x+1=0. (2016,11,07) '_
| Sol, Wehave,x4_x3 e Pox+1=0

|7 x5+1=0, where x# -1

x+1

> Pi1zp
; =0wherex=-1 | A
. | b : N = + 1)m + isin

3 X =—1=cosn+zsm1.t—cos(27' }%)

| x ={cos (@7 + 1)7t+ism(E“Z(;"A:ll;:t e

'=cosw+ isin—Fp
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On putting r =0, 1, 2, 8, 4in Eq. (i), the five roots are given by
‘ T .. T
= —+ 181N —,
%o =08 -
3

3T '
= — 4 1n—
X, = CO0S = 1S :

bn . . Om eyey
=¢c0S— + 18IN—=COST + IsIn7 =—1,
] x2 5 5 i

3n ]

= 00S — + I sin— = C08s — — L §1n T =27 =24

X; = COS I_ 5]

g .. 9n T .. T [ on i

' ' : =08 — + I 8in— = Ccos — — I sin — c—=97
and X4 = COS : : l_ P 5

Since, x, = —1 50 %, is not admissible.
Hence, the required roots are x, x;, % and x,.

Q 6. Use De-Moivre’s theorem to solve the equatmn
X+ x .+ x*+1=0.

(2004)
Sol. Wehave, ¥’ + 22 + 2+ 1=0
= PE+1)+16+1) =0 + )2 +1)=0
= ¥ +1=00orx*+1=0
When 2+1=0o=-1ox=4] (D)
When £ +1=0=24 =-1=22 =cosm + isinx
= 2 =cos @r + 1)1 + isin @r + 1)
= x= [COS(2I‘+1)TE+lSln(2r+1)TC]U5
= T X=coS @r ;-1) (2r+1)1t ...(11)

where, r=0. 1, 2, 3, 4. Hence, Eqs. (i) and (ii) gives the required roots.

Q7. Use De-Moivre’ s theorem to solve the equation

X0 - x*+x*-1=0.

(2003)

Sol.Wehave - +at-1=0
= Pt -1+ 164 = 1) = 0= (" + (! -1)=0
= @ rDERs DE®+1)=0
When #* —1=0, then2®=1=x=+1 ... (i)
When x* + 1=0, then 22 =—1=s x =4 ; ' ...(i0)
Whenx’5 +1=0,then?’ =-1=25 = cosmt + jsinz
= X =08 @r + 1)n + isin @r + 1)t
= - x= [¢0s(2r+1)n:+Ls1n(2r+1)1t]]j5»

= COS M + isinm (111)

where, r=0, 1, 2, 3, 4. .
Hence, Egs. (i), (ii) and (iii) gives the required roots.

——er—1
— — —
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# De_Moivre s theorem tq |

sing - Prove ty
| 1 X
,'06 uatlon (x-1" » Where n js Positijy mtege

- .
: oot | — |, where r =

%[1'*‘1(:0 (nJ:] 0’ 1’ 2: 3,.«.,(n~1).

[fnis a positive integer, prove thag the ro

(2008, 2009

05 of the equatig,

1
-x are—|1+icot
,w‘ (x"l) 2[ (n)} wherer:o, 1)2’ “‘)(n-l)'

(2012)

or Use De-Mowre s theorem to solve the equation (x - ~1)" =
(2017)

-1
1Wehave, (x-1)" -x"=>( . ) =1=co80+ isin0

Yn _COB2rm ., . 9
y'= +igin ==

n n

= (cos 2rm + I 8in 2rn
o

L, n=1

1 cos2rm . . 2rn
iy ] [ == + 181N ——
Therefore, ‘1 i n on
‘ | 1

|

|

|

J 2rm ., . 2%
| 1-cos— —18In——
| . B "
4 1

|

|

\

. oJT .. I I
1-1+ 9gin% = —2igin— co8—
n n n

1 -

= rn
I TR i gin —

.t — n
c n ( n N

{ Thug 1 + i cot (_;z—) | '

) X=-—
" g [
uation
99, Apply De-Moivre’s theorem t0 BT tl)le B
x - 1=0.

2
X - xtrx®-xTH

SOl'hWehavle ~xt+ - #+2x-1=0 . 1
N l-g+@-P+xt-2=0 -,g_(l:,’ﬁ,rdj
A | 1_[},1:5),1 0o T

- (%)

(2009) .

e

Scahned by CamScanner



. ‘
1-% _g=1-2°=0, wherex#—1

e 1+x
= 8 =1=cos0+ isin0
= xe—cos.‘an+zs1n2kn
= x= (cosan+zs1n2kn) = cos == T+ jgin 2kn
- 6 H
where £=0, 1, 2, 3, 4 5.
skn+zsinkn
X=C0S— — r
= 3 3 ..,(1)
On putting k=0, 1, 2, 3, 4, 5in Eq. (), we have
xy =cos0+isin0=1, |
, T .. , 1+ /30
x, =cos— + 181N — =~ —
' 3 3 2
on .. 2n -1++3i
Xy = COS — + ISIN— = :
3 3 2
%, =cosm+isinw=-1,
| An .. 4Am  -1-4/3i
Xy =C0S— + ISIN— = , |
' 3 3 . 2 _
" 5
%—COS—£+ lSn'l?—T—E-—-COS——lSlnE:l «/_z
3 3 3 3~ 2
But x = —1 is not possible.
. » ’ . + + .
Hence, the roots of the given equation are 1, *1E ok "2‘/5 v

Q 10. If p and q are the integers relatively prime to each other, then
- prove that (cos@+ i sin )71 has exactly q distinct values

which can be arranged in a GP (2015)

Sol. By De-Mo1vre s theorem, one of the values of
0

—_—

0
(cos 0 + isin (-))P’q is cos-p— +isin

q q ,
n angle have the same values when the

t1ple of 2m. . g
) + isin (6 + 2km)]” ' \

sm Po+ okn),

" We know that cosine and sine of a
angle is increased by any integeral mul

Hence, (cos@ + isin 0)?'? = [cos (0 + 2kT

= (cose + zsme)pl" = cos—(O + 2km)+ 1
q |

_wherek =0,1,2,. 9 g-1
The q different values of (cos® + isin O)P ¢ gre for k=0, 1,20 |
the r1ght of the above equality, such as

xo—_cosg@—+ i sin 2= . e o0 -
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. 2 . . ‘
% =c0&;(£E + ﬁ) + zsm(B2 + 2_758]

------------------------------------------------------

9(q — ) ~ .
X1 = COS (PG - (@-1) Ttp) +igin (pe ; 2(q 1)Ttp)' .0
q q q q

{No two of the g values given by Eq. (i) are the same. Since, the angles

{ipvolved here 1s differ by less than 2xn. The difference of the greatest and ,
the least angles is

(PG 4 2m (q - 1)1?) _p9 _(g-1)2mp
, q q q q

which is less than a multiple of 27. '
Since, ¢ — 1 < g. Hence, the g values given by Eq. (i) are distinct.

By giving to k the values g,q + 1,q + 2, ..., we obtain no new values of the
| given expression and only the old values are repeated. e

Thus, we see that (cos® + isin0)?'?, where p and g are integers prime to -
| each other, has q and only q distinct values and these are obtained on
| successively putting k=0, 1, 2, ..., (g —1) in the expression

cos {E ®+ 2k n)} + isin {-g— ©+2k n)}.
q

Now, the expression cos -E'(B + 2kT) + isin% © + 2kmn)
: ' q

: - cos_I_).g-{—ismge_](coszkn“g'!‘iSiIIanE)
q q q q

' k
0 ) p
PO . f—)(cos2n—+ zsmzn—) =

= [COS—(-I— 4+ 181N q q q
a From this. we obtain by putting k=0,1,2, ..., qg-1, the g distinct values
E ’ __1 .
asa,aﬂ’aﬁz’aﬁﬁ,..,aﬁq e
Pg.+ isin%e, B

-

e . 27
=COS%E+ lSlnE-.

q q

Hence the g distinct values of (cos® + 18in8)”'? can be arranged in a GP.
ence the q :

where, 0. = cos =

:

Hence proved.:

f 8, which satisfy the equati
e the values 0 e “equation
Q 11. 1If 6,02 eat:n(e + o) and if no two of these values diffe

_ r by a
tan'z_e =M\ £ o, show that 6, -fez +83 + o is a multiple of 7. Y
multiple of & | - (2008). -
_tan @+ |
~ Sol. We have, %7 tan® + tano

0 _»-
_2tan0_)

C e B hans
= 1 —tan6 tano:
= 1 — tan”@ |

B o%

S,
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A tan® 8 + (A —2) tana tan 29+ 2-A)tan0 —Atano =0
:hich is a cubic equation in tan 6 and so it has three roots
tan0;, tan0, and tan0g. 2-1) tano.
S, =tan®; + tan@, + tan0; = X
\ 2%
S, = tan®, tan@, + tan 0, tan 05 + tan03 tand, = 5
: A tano
and S; =tan6,; tan0ytan6; = =tano.
< _§g (2—k;tana _ tanc
-8,
Now, we have tan@©; + 04+ 63) = 11_80 = , =%
o liano —tano = tan (—ot)

A -1)
Hence, the general value is given by

91+92+93 =nmw-—0

6; + 85 + 05 + a = nn = a multiple of . Hence proved.

ie.
Q 12. Ifo, B, y are the roots of the equatlon x*+ax® + bx +a= 0,
prove that tan' o + tan™! B + tan !y = nx radians except

when b=1. (2014, 09)
Sol. Since, o, B and 7 are the roots of the equation x3 + ax® + bx+a =0,

Therefore, Zoo=0+B+y=S =-a,
Taff = aB+ocy+[3}' Sy =band ofy= S3——a
Let us suppose that tan o =6, tan" =0, tan' y = -0,

Then, tan(®, +0;+863)= 83 ~a-(a) =0, except b =1.
- S2 ]. - b

= 91+62+93—nn

= tan o + tan™ 'B+tan~ly=nn, except b =1. Hence proved.

Q 13. Prove that the equation sin36 = asin 6+ bcos® + ¢ has six
roots and that the sum of the six values of 8 which satisfy it, is

equal to an odd multiple of & radian. (2011)

Sol. The given equation issin30 = asinO + bcosO + ¢
3sin6 —4sin’ § = asin® + bcosH + ¢

— 2 0
o , Where ¢t = tan —
1+ ¢2 2

\, 3 A 9
2t 2t 2t 1-17].
-4 = +b +c
We have, 3(1+t2] ‘ (1+t2J a(1+t2J' (1+t2]
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| Gor .
| (-0t ~2@ =3 + (0 -39¢t* ~4(a +5)¢* - (b + 30)¢*

A Z . S -2(a-3)t-(b+¢)=0
| pove equation is of the six degree in ¢, so it will have six roots say
| The @

! ;I‘h‘tao, by, b4 85 and fg. 2a - 3) 30

11 "o = Et — - , S . Et t _ —
E ST T Sa= ity =T
i
4a+5 —(b+3c
‘ —C b-c
2@-3 - (b+c)
S5 - 2t1t2t3 t4t5 = ( ) (

and y SG = E t1t2t3 t4t5t6 =

-cC b-c

| Let;,05,05,04,65 and B¢ be the values of § corresponding to the six
values of ¢, then

tan(e_L+e_2+e_3+gi+e_5+'e_6)_ $1-8+8 _8-8+85; |

2 2 2 2 2 2) 1-§,+8,-8, 0 - |
6, 6, 6; 6, 65 6, n : |
— =+ 24 245 76y B
2 2 2 2 @2 g M
0, +08,+6;+0,+0; +0,=2nn + 1 ,
= @n + 1)n = an odd multiple of Hence proved.

| @ 14. Find the fifth roots of unity. Prove that these roots are in G.P
and the sum of their nth powers always vanishes unless n is a
multiple of 5, in which case their sumis 5, n being an integer.

(2014)

| Sol. Let x= (1)1’5 = (cos 2rm + isin2m)y5, wherer=0,1, 2, 3, 4
2re . . 2rm ' )
= x=cos?+ isin — ...

On putting the values of r in Eq. (1), we have
: xXp =cos0+isin0=1

. . 27
% =cosz?n+ zsm—5E =0, (say)

: 4rn .. 4w 92
= et B —=0"(sa
X9 = COS 5 I sin 5 (say)

6T .. b7 3,
= coS — — =0"(say)
X3 = COS 5 + 181n 5
. . 8
and . X4 =COS 8—:— + lsln? =0’ (say)

Where x, denotes the value of x, obtained by puttingk=0,1,2,3, 4in & a. G).
ObViously Xg, %, , Xs, X3 , X4 ATE in geometric progression.

Case I When n is not a multiple of 5. | n :

Let S = ()" + ()" + )" + (@) + ()

- 1-a™) 1-a"
n 2n+a3n+(x,4n=1( n)= oy
=l4+oa"+0Q 1-o 1-a
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-V hd

S | | Erafe o
= 0 [o™#1, nisnot g multiple of 5]
Case II When n is a multiple of 5, then -
o = a®™ = cos 2mn + isin2mm =1
a?=a=qi" =1
e S=1+1+1+1+1=5
Hence, when n is a multiple of 5, then their sum is 5.

Similarly,
- Hence Proved. -

@ 15. Prove that the equation. ahsec 0 - bk cosec 6 = a? - p? has
- four roots and that the sum of the four values of @ which

‘ satisfy it is equal to an odd multiple of x radians. (2016)
Sol. We have, ah secB — bk cosecd = a2 — b2
: - ah bk 2 12 ‘ |
ie. - —q?— .
: cosh sin® o | )

1-tan%6/2 1-¢2
1+ tan?02 1+ #2

2t /2 . _
anez = “t o3 where ¢ =tan0/2.
1+ tan“60R 1+t

Qn putting’these values of cos8 and sin 6 in Eq. (i), we get

r 2 2 .
Aah[‘1+tz] —bk(l+tJ=a2.—b2,
1-t¢ 2t
= bkt'+ Qah+2a”-2b%)¢ + Qah —2a® + 2b)t — bk =0,

which is an equation of degree four in t and so it has four roots £y, 19, I35 L

(say). 3 ; ;
We have, S; =X¢t, =— gan+ ‘:Z —2b -, Sy =3Itty= 0.

Now, c0s0 =

‘and sin@ =

h —2a” + 2b*
Sy = Ztytgty =~ N b(;z » Sg =Ztytolgty =—1

Let8,,0,,05,08, be the values of @ corresponding to the values &, ta, 3 78

respectively. |

Thon, an(B+ 218, 8BS X
" Therefore, the general value is given by o
V0 +0,+6; 40, _ P nE
2 | 2 2
+0,+ 03 -?Ij.9,4 =(@2n + 1)1n_= an ?dd multiplg of T radl;lzce pro

ved:

+

1.e. 91
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at |
916 siflo;gf;cosﬁ 0sin 6 — 35cos* 0sin®0 + 21cos%0sin® 0 — sin” 6.
; (2001)
) 1. By De-Moivre’s theorem, we have
’;SO ' | (cosO + isin®) = cos 70 + isin 70
0570+ isin 70 = (cos© t+ i sin@) | |
B =C, cos' 8 + "C; cos® 0(isin®) + 702 cos® 0(i sin 0)?
+ "Cq cos* 0(i sin 0)+ 7C4 cos® 0(isin0)* + Cy cos?0(isin 0)°

| . + 'Cg cos 8 (i5in8)° + "C, (i sin B’
 cos 70+ 18I 70 = cos' 0 + i 'Cy cos®0sin® - ’C, cos® 0 sin%6 |
~1"Cy cos* 0 5in® 0 + 'C,, cos® B sint 6 + i Cy cos?@sin® 0

~Cq cos 0 5in®0 — i ’C, sin’
~ cos70 + isin 70 = [cos’ 0 - "Cycos® B5in20 + 'C, cos® 0sin’ 0

) - 7CG cos0sin® 0] + il'Cy cos®0sin — C; cos*0sin® 0
- + "Cy cos®0sin® § —sin’ ]
| On comparing the imaginary part, we get =~ |

sin78 = 'C; cos® 8 sin ® — "Cy cos® 8sin® 6 + "Cy cos?0sin® O —sin’ §

="Tcos®0sin® — 35 cos* 8 sin® 6 + 21 cos®0sin® 6 —sin’ @' ‘

Hence proved.

| Q 17. Prove that

' 51t
tanzlt—+tan2—2£+tan23—n+tan24—n.+tan2—=55

. (2015)
11 11 11 11 11 |
: Sol, Leto.= I;—’;, where n=1, 2, 3, 4, 5.

Then, 116 = i and tan 110 = tan nm =0.

-| Therefore, '*C, tan® — 'Cs tan® 0 + 'Cys tan® @ | :
. - . . ~ 1, tan"6 + *Cy tan®0 —tan'' 0 =0
S 11tan6 .. 165 tan® @ + 462 tan® 0 330 tan’ 8 + 55tan®6 — tan 0 =0

S tan6(tan!® @ - 55 tan®0 + 330 tan® @ — 462 tan* 0 + 165 tan’0 ~11) =0

" = ich is not possible. .

{ Ther ' 0 =0, i.e. 8 = nm whic

A o elore, elt}-ll?)retargs can®0 + 330 tan® 0 — 462 tan* @ + 165 tan’ ~11=0

| Put tanZe s then it becomes &7 — 55" +3302° —4622" + 165x~11=0,

: =x, : | r

~|* Which is the required equation-

: O e ee 5 and therefore it has five roots
| The above equation in xi8 01; degr o . 23T . 24T 55w

2 tan® —, tan” —, tan®—,

o %x Xy, Xy, X5, SAY 28 tanzﬁ’ a0 11’ 11 111

: . ’ IRL 7 E) ’ In . ,2375' t 24‘11: + ta 251; _55
N 't' 2 T +tan2__1_+tan 11+ an 11 o 11 -
g O Si=Zm TR

Hence proved.

B e
e,
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1., 3, 0° 02, 0 \ :
18. Prove that —sin®0 = — — (1 +3%)—+ (1 +3* +3H) Y
Q 6 3! 51 7]

Sol. We know that, sin30 =3 gin® —4sin® 0

= —ésina 0= -l-sin() - E]Zsin 30 |
8 b 7 5
1 (9 0° o° o ) 1 (g9 B0  @oF (39)7 ) |

— — -_—-—-——

I T

9(1 3)+9"_ 1) 0 1) (8 1
8 24/ 3!(24 8) 5!l24 8 7v24 8

3 5 a/al 2 73@3%-
0® 0% 3(3*-1)@ +1) 6 3( 1)(3“+32+3)—...

]
-
—

T 24 BT 24
Gk 2, a4 .
_y—(1+3 ) +(1+3 +3 )—— Hence.pro‘,ed'
Q@ 19. Prove that 32sin* 6cos?0 = cos 60 — 2cos 40 — cos 20+ 2,
' . AR (2006)
Sol. Let x=cos6 + isin®. Then, = = cos® — isin®
| x
~ So that, x + 1 =2¢0s0 andx—l =2isin®
| x x
1]* 1
2 isin0)*(2 cos 6)* ={ -——} -{x+ —} @)

4

Binomial coefficients in the expansion of II:x - (l)] arel,-4,6,-4,1.
. X

So, the coefficient scheme is

1 -4 6 -4 1
1 -2 -1 4 -1 -2 1
From Eq. (i), we have . o ‘ ‘ o,
2 1 1 1
(Zzsm0)4(20056) = % - 2x* —x2+4 (xz -2 7 + 5

e o))

2614sin 0 cos 20 =2c0s60 —2-2cos40 — 2c0820 +4

=
95 5in0 cos?0 = cos66 —2cos 40 - cos 20 + 2 ' '
N [dividing both sidesby 2
‘ - 20’ oved:
=:” 325in4900529 = c0s60 —2cos40 — cosze +2 Hence Pr
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@20 Expand cos” 0 in a series of cosines of multiple of 6.  (2005)

| Sol. Let x=cos0 + 1sin®, so that%c= €080 — i 5in g

|

: . . 1

l — m — — A .
h,'xﬂ_cosnef 18 nBandxn—cosne_lsmne

— —

| 1
| Therefore, x + 7" 200, x" + 3:" =2cos ng

7

_| 7 1

iWehave, (ZCOSG) =(x+ ;) =x7 + 7clx5__];+ 702;‘;5'_1_'_'_,70 4 1
| g %

|

|

3x * —
1 : :
+704x3l7+7cﬁx2__]-_+706x._1_+ 7C i
' . X x6 7 x7
O | 1 ' .
i A B B Y 1), 1
| ( ) ( *‘xﬁ)*“"l("”?)f?’"”("*ﬂ'
_ é200879+ 7(2cos59)+21(200s39)+35(20036)
= 2' cos 0 =2(cos 70 + 7c0356+21c0s36+35cos9)
1 :
= cos79=é-£(cos79+7c0359+21cos30+35cose)
Q 21. Prove that - .
_ 2n 2n
smzecos():ez_—ie“+...+(-1)"“(3 1) 8 +.... (2004
6 2n!
Or ‘Expand sin20cos 0 in powers of 0 and give the genéral term.
_ (2010)

Sol. We have, sin0 cos0 =sin0sin® cosd = % sin0(2sin 0 cos6)
1o .. 1
=-8inOsin20 = " 2sin O sin 20) = 5 (cos 0 — cos 30)
2 .
T e 4 o2
:1H1_6_+9_+_..+(_1>n§_'+...} |

(30)* . (30)* W ]
_{1_ X + m + ...+ (1) o] +}J

< g4 n 0% 1
___%r-_f_(l’_gz)_kZ_!(1_34)f._..+ -1 52—!(1—32")+...J_

2!
o> | X
a2n
=-lf492;l§e4'+...+(—1)"(—1)_(3E gt
4
: _ 5 4 » +(__1)n+1_(3_2n_.—.26_2n+___ »I}-Ier‘lce'prorved- ‘
- sin?Q cos@ :—?92——6‘9- Fepe 4 92n! o o - !

b i
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Q 22. Expand sin’ 0 cos?0 in a series of sine of multiples of g

(2012)
Sol. Let x=cos6 + isin®.

1 .. .
Then, l:cose—zsme sothatx+;—2coseandx—; =2ising

X

1Y( 1\’
2isin6)" @ cos 0) = (x— —) (x + ;)

To obtain the coefficients of various powers of xin the product

T/. 2 1 i
(x— l) (x+ l) , we multiply (x— —)

~ For this purpose, we make the following scheme

in succeéssion two times by (x + l)
<)

1 -7 21 -3 3 21 7 -1
1 6 14 -14 0 14 -14 6 -
1 -5 -8 0 -14 14 0 -8 5 _q

The last row in the above scheme gives the coefficients of the varioug

_ 1V 12
powers of xin the product (x - —) (x + ——) .
X X

. 7 2
The highest power of xin the product (x - l) (x + l) 1s 9 and then the
X x/ -

~ power go on decreasing by 2.

5. 2isin®) 2cosB)? = (x - 1)7(x_+ 1)2 |

x X

=x9—5x7+8x5+(‘)-x3—14x+lé+%_§_ 5 lg'

X X X

(?-3)-o- 32 -3l

=2isin90 52 isin 78) + 8(2 i sin 50) — 14(2 i sin6)
- | |

7

S

1 . .
e —:x—" =2;sxnrz9J
~On dwldlng both sides by 21, we have |
28i%5in” 8 cos26 = $in 96 — 5sin 70 + 8511159 14sm9
But i® = (/%7 = (-1)® =—1, therefore

sin’ 0 cos? 6-——(51n99 5s1n78+831n59 14sin0)

1
= _%(smge 5s1in 76 + 8sin 56 — 14sin9)A
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4 | use pe-Moivre’s theorem to solve the equation
-

x” +x*+x3+1=0. (2009, 07)
IWeha"e J+at+28 +1=0=22C* +D+16% +1)=0 |
| .*+1)(x +1)= —0=>x+1=0o0rx*+1=0=%3 =—1orx?=-1
2 (;lvlﬂ" these equatmns separately, we have
01 §

x3=-1=cos@r+1)n+isin@r+1)=n
x=cos(2r+1)§+tsm(2r+1)§,(r-—_-0,1,2)
1.,

y|® T
e given b —cos—+1,sm—= + 11—

!
=

l
)
|
]
I
l
|
{

3t .. 3m s :
xlzqos?+zsm?=cosn+tsmn=—1.

| and :)cz—cos5m+isin5n‘cosTE isin .. 5m om.
| an = — —_—= —— — S —= f——
3 .3 38 < .8 - 8 g
_1 ;B8
2 2
' The remaining four roots are given by
B x*=—1=cos@r+ 1)n +isin @r+ I)x
i:‘) A x=¢os(2r+1)£+isin(2r+1)—15,r=0, 1,2,3
( ,
} . '—cos£+zsm—=—+l i
| “0 4 2 2
i x{=cos—+zsin———cos—+zsm£=__1+ ,,i
| | 4 N2 2
| =cos—+zsin-5——=—cos——zsm£=;1_i_1_
| § CE R
| ; _Tn > ot E: os——isinF-:\l__.‘ 1
and x3’=COS—1-1—+ 1 S11 4 c 4 4 -\/-2_ l7_§

Hence, the required roots are given by X, %; %2, X, X1 , X and x;.

Q2. Expand c0569 sin®@ in a series of sines of multiple of ¢,
(2013)

Sol, Let x=cos® + isin®.

. - s
Ih 1—-; a‘ndx——=2' L
en{l:cose —isin®, so that x+ ;—2(’059 < “lsing

6 > o 3 — +}_ 6 x—}_)
2 cos®)° 2isin0) (x x) ( x

F ‘._ﬂgr "
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To obtain the coefficients of various powers of xin the produc
o obt

6 1 3 ;
+ 1 ;- —-) ~we multiply
" x

by (-]
y|*-2)

For this purpose, we make the following scheme
6 156 20 15 6 l_ﬁ B

6
1) . -
( x- =) in succession three gim,
x

1 : —
1 5 9 '5) — 5 —'9 — 5 -1 .
1 3 0 -8 -6 6 8 0 -3 -1

The last row in the above scheme gives the coefficients of the varioug

6
powers of xin the product (x + -31;) (x - ch) .

6 3
The highest power of xin the product (x + l) (x - -1—) is 9 and then the
X x .

power go on decreasing by 2.
_ 6 3
. @cos0)® 2isin0)? = (x + l) (x - -1-J
, x X

9 7 an8 6, 8
=x"+3x —8x 6x + ,+3 X

- 3)va(? - 7)o - %) o[-}
=[x - |+3|d —=|-8[x® - =|-6[x-=
( x9 x7 ¥ x3 '6‘xx

= —i2%cos®0sin® 0 =2i5in90 + 3 (2isin 70) — 8 (2i sin 30) — 6 (2isinb).
,: Kt - in = 2isin nb
x

On dividing both sides by 2i, we get
—‘2810086 0s5in® @ =sin 96 + 3sin 70 — 85in 30 — 6sin6

cos®0sin® 0 = —2i8 [sin96 + 3sin 70 — 8in 30 ~ 65in6]

R : . ) .
==z [sm9Q + 3sin 70 — 8sin 30 — 65in6]
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