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8 CONICOIDS

§ 8-1. INTRODUCTION
A general equation of second degree in x,y and z namely
axz+by2+sz+2]j)z+2gzx+2h).y+2m+2w+2wz+d=0 (1)

always represents a conicoid or a quadratic surface.
The equation (1) by a proper transformation of axes can be reduced to the

following standard form
a’ + by2 +et=1 «(2)
The standard from (2) is called the central conicoid.
Properties of Central Conicoid :
(i) The origin is the centre of the central conicoid
Proof : Let P (x1,y1,%1) be any point on the central conicoid (2), so that we

have
ax12 + by12 + 6212 =1
which can also be written as '
a (=2 +b (=) +e(=z)' =1 ' -(3)
TFhe relation (3) shows that the point O (=x1, —y1, —z1) will also lie on (2) if
P (v1,y1,21) lies on (2). The middle point of the chord PQ is (0, 0; 0). This shows
that all chords of the surface (2) which pass through the origin are bisected at the
origin. Therefore the surface (2) has a centre and it is at the origin. Thus origin is
the centre of the central conicoid (2) and due to this property the surface (2) is called

a central conicoid.

(ii) The co-ordinate planes bisect all chords perpendicular to them.

Proof : Let P (x1,y1,21) be a point on the central conicoid (2), then clearly the
point Q (—x1,y1,21) also lies on it. The middle point of the chord PQ is (0,y1,21)

which clearly lies on the YOZ plane i.e. the plane x = 0. The d.r.’s of the chord PQ
are 2x1,0,0 ie 1, 0, 0 showing that the chord PQ is perpendicular to the plane

YOZ. Hence we conclude that the co-ordinate plane YOZ bisects all chords perpen-

| dicular to it. Similarly we can prove that the co-ordinate planes ZOX and XOY also

bisect all chords perpendicular to them respectively.
Hence the central conicoid (2) is symmetrical with respect to all the three

_‘ co~0rdmate planes and these planes-are called the principal planes of the central
 conicoid. ‘ |
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of which represents a surface with a dct."mit(? nantly(;l (i:j:lgned to it. Which wy Sh;ﬁ
discuss in detail in Articles 82, 8-3 & 8-4 gven
§ 8-2. THE ELLIPSOID

The standard equation of th ,
Zrat+ yz/b2 +2/ =1 , . __‘(4)'

¢ ellipsoid is given by

Properties : _

(i) The origin is the centre of the ellipsoid given by (4)

(ii) The co-ordinate planes bisect all chords perpendicular to them. |

(ifi) The ellipsoid is a closed surface. The equation (4) may be rewritten as

y/b% + #l=1 —sz/az.. ’: . , ()

If x is numerically.greater than a, then from the equation (5) we.find that
Y/ + 2P isa negative quantity i.e. the sum of two perfect squares is a negative
quantity which shows that at least one of y and z should be imaginary. Hence it follows
that x can not be numerically greater than @ and therefore, the surface exists between
the two parallel planes x = ¢ and x = —a. In a similar manner it follows that the
surface (4) lies between the parallel planes y = b,y = —=b and z = ¢,z = —c.

Thus the ellipsoid (4) is a closed surface. :

(iv) The intercepts on the co-ordinate axes. The equation of the x-axis are
y=0,z=0. It meets the surface (4) in the points A4 (a,0,0) and 4’ (—a,0,0).
Therefore, the surface (4) intercepts a length 22 on the x-axis. In a similar manner
the surface (4) intercepts lengths 2b and 2c on the y and z axes respectively. These
intercepts 22, 2b and 2c are called the lengths of the axes of the ellipsoid.

(v) The sections of the ellipsoid by the planes parallel to the co-ordinate planes.

The section of the ellipsoid by the plane z = k, parallel to xy-plane is given by
the equations :

N

2 2 ,524
zZ= k, 7 + y—2 =1- —E
a b c -

This is an ellipse with its centre on the z-axis and the axes parallel to the x and

y axes. As k varies from —c to 0, the ellipse increases in size from the point-ellipse
2 2

at C' to eﬂipse z=0, x_z + Lz =1 and as k varies from 0 to c it again diminishes to
‘ a b

a point-cllipse at C. When & > ¢ or k < —, the ellipse is imaginary. The surface is
thus generated by a variable ellipse and hence it is called an ellipsoid.

o 'Similar‘ly‘ the sections of the ellipsoid by the planes parallel to yz and zx planes
areellipses. ~ ~ L '
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(vi) A rough sketch of the ellipsoid is as shown in fig.

{ 8.3. THE HYPERBOLOID OF ONE SHEET

The standard equation of the hyperboloid of one sheet is given by
‘ /d + y2/b2 - z‘z_/c2 =1 - ...(6)
droperties : ' 5 S

(i) All the chords passing through the origin are bisected at the origin. Therefore,

he surface (6) has the origin as its centre. | |
(ii) The co-ordinate planes bisect all chords perpendicular to them. Hence we

:an say that the hyperboloid of one sheet (6) is symmetrical with respect to all the
hree co-ordinate planes and these planes are called the principal planes of the surface

6)- \ .

(iii) The intercepts on the co-ordinate axes. The equations of the x-axis are
y=0,z=0. It meets the surface (6) in the points A (4,0,0) and 4’ (=4,0,0).
Therefore, the surface (6) intercepts a length 2a on the x-axis. In a similar manner
e surface (6) intercepts a length 2b on the y-axis. The z-axis i.e. x =0,y = 0 meets
he surface (6) in imaginary points [z = * V(=c)] i«e. the z-axis does not meet ths
surface (6) in real points. ‘

(iv) The sections of the hyperboloid of one sheet by the planes parallel to the
co-ordinate planes.

" The section of the hyperboloid of one sheet by a plane z ='k, parallel to the

xy-plane, is given by the equations.

) 2 yz 2
] z=k, ) + - =1+ )

7 b - c

This is an ellipse whose size goes on increasing as k increases numerically. The
ger e T2 2
smallest ellipse corresponding to k =0 1 % + XE =1,z=0and as k tends to + ®
e T a b

br_ — o the elliptic section cxpands to infinite dimensions. '
. The section of the hyperboloid of one sheet by the plane x = k, parallel to the

oI 2 2 2
- ‘yz-plane is the hyperbola x = k,~272- =Gl
e | b" ¢ ¢
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2 2 2
r=k,2—2-+%=%—1
b® ¢ a
which is real only when k is numerically greater than a. There is no part of the surface
petween the planes x = — a and x = a,but beyond these planes the surface extends

to infinity in both directions.
(v) A rough sketch of the hyperboloid of two sheets is as given in fig.

ZI

Concluding Results : From the theory discussed above we can say that the

standard equation o + by2 + ot = 1 of the central conicoid represents. -
(i) An ellipsoid if a,b, ¢ are all positive. '
(ii) A hyperboloid of one sheet if any two of a, b, ¢ aré po
 third is negative, and : ;
(iif) A hyperboloid of two sheets if any two of a,b and ¢ are negative and the
remaining third is positive. '

sitive and the remaining

§ 8-5. EQUATION OF THE TANGENT PLANE TO THE CENTRAL CONICOID
ax® + by? + cz® = 1 AT THE POINT (x4, Y1, 21)-
The equation of the central conicoid is
. a’ + by2 +c=1. : ‘ : (1)
Let (;,y1,21) be any given point on the surface 2).
The equations of any line through (¥1,y1,21) and having d.c’s ,m,n are given

(x - x)/l= y-y)/m=@E- z1)/n =r (say) _ 2 (D)
The co-ordinates of any point on the ling (2) are (Ir + xq,mr +yg, nr + z7). Let
the line (2) meet the conicoid (1) at this point, then this point will satisfy the equation
(1) and so we have i '
o a(lr+ xl)2 + b (mr+ yl)2 +c(nr+ 21)3"= ]
L P (@l + bm® + cn”) + 2 (alxy + bmyy + cnzy)
e @l tbyl e -1)=0 | -B) 7
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f
Since the point (xy, y;,21) lies on the conicoid (1),. we have 2
ax12 + by12 + czl2 =L
Using (4), the equation (3). becomes
P (al2 + bm® + an) + 2r (alxy + bmyy +cnzy) =0 N
The equation (5) is a quadratic cquation.in r and hence gives two valyeg of,
i.e. the line (2) meets the surface (1) in two. points.
If the line (2) is a tangent line to the conicoid (1) at the point (x,y, , 1) they

the two values of r should be coincident. Clearly one value of g_ive.n by (5) is Zerg
and hence in order that the linc (2) is a tangent line to the conicoid at (1,4, z),

the other value of 7 should also be zero the condition for which is
alxy + bmy; + cnzy = 0. ~(6)
The tangent plane to the conicoid at (¥, y;, 21) is the locus of such lines through
(*1,¥1,21) that satisfy the condition (6) and so its equation is obtained by eliminating
I, m, n between the equations (2) and (6). Hence the required equation of the tangent
plane to the conicoid (1) at the point (x, y;,2;) is given by
afe=x)x+b G -y)y1+c—2z)z =0
or @ory + byy; + czzy = axy” + by, + ¢z’ ,
or axxy + byyy + czzy = 1. | using (4)
Working rule for problems : To write the tangent plane to the conicoid at the
point (xy, y;, 21) replace ¥ by xxy, y2 by yy1 and 2 by zz;.

...(4)

§ 8-6. DEDUCTION OF THE CONDITION THAT THE PLANE
Ix +my + nz = p MAY TOUCH THE CENTRAL CONICOID

ax® + by2 +c? =1,
The equation of the given plane is
k+my+nz=p - (1)
and the equation of the given conicoid is .
axz + by2 + c22 =1. " «(2)
Let the plane (1)-touch the conicoid (2) at the point (x;, ¥1,21). The equation
of the tangent plane to the conicoid (2) at the point (¥;,yy,z) is
| ' axxy + byyy + czz; = 1. (3)
| " If the plane (1) touches the conicoid (2) at the point (xy,y,, 27), then the
equations (1) and (3) represent the same plane and hence comparing their coeffi-
cients,we have !

—=—.—'.——=2 =-—l— =ﬂ =-i 4
@ by o 10 gttty o

Again since (x1,y1,21) lies on (2), we have
: axlz, 'iv"bylz + 6212 =1
= a(/ap)* + b (m/bp) +c (n/cp)’ =1, using (4)
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2 r
| Pra+m*b +n¥e = p‘)‘. (5)
This is the ‘rcqmrcd condition that the plane (1) touches the conicoid (2).
'I‘lw co-ord‘mulus of the point of contact of the plane (1) with the conicoid (2)
qre given by (4) i.e. are (I7ap,m/bp,n/cp) where p is given by (5).

or

§ 8:7. THE DIRECTOR SPHERE :

Definition. The director sphere of a central conicoid is the locus of the point of

intersection of three mutually perpendicular tangent planes to the central conicoid.
(Gorakhpur 2011, 15)

§ 8:7-1. DEDUCTION OF THE EQUATION OF THE DIRECTOR SPHERE

OF THE CENTRAL CONICOID ax? + by? + cz° = 1.
(Gorakhpur 2006; Purvanchal 2006)

The equation of the central conicoid is

| ax’ + by2 +e=1. (1)
Let the equations of three tangent plancs to (1) be
Lix+my+mz= \/{112/(1 +my*/b + ni/c) (2
lyx +myy+nyz= \/{Izz/a + mzz/b + nzz/c} «(3)
and Lx+myy+nyz= \/{132/a + m32/b + n32/c} w(4)

ns are the actual dircction cosines of the normals
to the above three tangent plancs respectively. If these tangent plancs are mutually
perpendicular, then 1y, Iy, I3 ; my, Mo, M3 and ny,ng,n3 arc also dc’s of any three

mutually perpednicular lines [Refer art. 44]. Therefore, we have
112 + 122 + 132 2 2 2 m32 =1, 1112 + N22 *F I132 =1 w(5)

where I3, my, 1y ; I, ma, np and l3, ms,

=1,my +my
lymy + Ima + lymz = 0, myny + mahy + manz =0, .
..(0)

ny + noyly + naly = 0.

The director sphere of the surface (1), being the locus of the point of intersection
of the three tangent planes (2), (3) and (4) is obtained by eliminating
11, my, 3 b, My 112 and /3, m3, n3 between the equations (2), (3) and (4) with'the help
of the relations (5) and (6). Squaring and adding (2), (3) and (4), we get ‘

)+ (Igx + m3 + n32) t

(i +my + nlz)2 + (fpx + moy + 022
= (Va) 21+ (1/b) 2 m + (/) Eni’

or ¥ Ellz +y2 2 ml?‘ +7 En12 + 29z Zmyny + 22x Znyly + 20 2 lim
’ = (Va) + (1/b) + (1), using (5)
o 2 4y + 22 = (1/a) + (1/B) + (1/0), using (5) and (6).
This is the required equation of the director sphere of the central conicoid (1). |
SOLVED EXAMPLES (SET A)
{

= 2 touches the conicoid " |
i

». Example ;">1,.Show that the plane x + y+ X
S el (Gorakhpur 2004, 09, 16)

Aot +al=2
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| Sol. The equation of the given €0
2_ gt 43
xX=2 .
The equation of the gV o |
x+2+ =4 icoid (1) then applying th )
- he conicol ; ¢ o )
If the plane (2)Zlouchcs the ndlll%
Pa+m’/b+ w2/c=p" [See Art
1, 4,9 _gor2-4+6=4
172" -1 32 . |

ane (2) touches the given conie;
he tangent planes to the hyperb(;loid

“{

8-6], we have
or 4 =4.

he given pl

Which is true. Hence t
tions to t

Example 2. Find the equa
2 - 6)’2 + 37* = 5 which pass‘ through the line
3x—3y+6z—5=0=x+9y—3.z..
Sol. The equation of the given hyperboloid 15

2 2 _
2% — 6% + 32 =5 or (2/9) A5y +3/97 =1 )

The equations of the given line are
w—Y+6-5=0x+y-32=0. “(2)

The equation of any plane through the line (2) 18
3x—3y+6z—5+,1(x+9y—3z)=0
(3 +/1)x+(—3+9,1)y+(6—3,1)z=5. ' -(3)
If the plane (3) touches the hyperboloid (1), then applying the conditig,

P/a+m/b +n’/c = pz'[Sce Atticle 8-6], we have

2
(5/2) 3 +1)2 + (=5/6) (=3 + ) + (5/3) (6= 31" = ()
15(9 + 61 +4%) = 5(9 — 544 + 814°) + 10 (36 — 361 + 91") = 150

or

or
or  3(9+61+4%) — (9541 + 811D + 2 (36 - 361 + 91) =30
or —60>+60=0 or A°=1 or A=%L.
~ When 4 = 1, from (3) the equation of the tangent plane is
4 +6y+3=>5.
When A = —1, from (3) the equation of the tangent plane is
-1+ 9% =5.

| Example 3. A tangent plane to the ellipsoid 2/at + y2/b2 + zz/c2 = 1 meets
the co-ordinate axes in points B, Q and R. Prove that the centroid of the triangle

PQR lies on the surface ;
d/i + bz/y2 +/t =0,
~ -Sol. The equation of the given ellipsoid is

R 4

et + yZ/b2 +2/=1. ' (1)
The equation of any tangent plane to the ellipsoid (1) is -k
ke +my + nz = V(@ + b'm® + cznz). | w(2)

The plane (2) meets the co-ordinate axes in the points given by
2 2 LRASE 4
| P {V’(azl‘ +b°m* + cn V/1,0,0}; 0 {0, V(a*F + b’m?® + c2n2)/m, 0}
and R{0,0,V(@T + b*m* + *n%y/n). |
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Let (a’ﬂz’ ;’) bezthze co-ordinates of the centroid of the triangle PQR, then
V(@ + b'm* + Enh /1 + 0+ 0
= 1
e 3 =3 v (a212 + bPm? + ¢’n?),

1 g2, 423, 22 1
B = o V@t +bm’+cn ),y=§5\/(a212+b2m2+czn2).

22 .. 22
Thus 3l = V(@ + b'm* + c’n?) or 9Pa’ = A1+ b°m? + P

o P’ aP + bm? + P
: 2
Slmilarly -b— = b sz CZ " 9C2 nZ
ﬂz 22, 22, 22,2 22 122 2,2 ..(3)
al+b'm +cny al"+bm-+cn

‘Adding the relations in (3), we get
2 .2 2

a b c _ 9((2212 + bm’? +c27ﬁ
¥ 3t 25722 22, 22 =:
a” By al’+bm +cn

~. The locus of the centroid (&, 8,7) 1, _¢12/x2 + bz/y2 + /7P =09.

§ 8-8. THE POLAR PLANE ' (Gorakhpur 2013, 15)

Definition. Let w’ + by2 +cf=1 (1)
be the equation of a conicoid and A (@, B,v) be any point. Draw lines APQ to meet
the conicoid (1) in the points P and Q. The locus of the point R such that AR is the
harmonic mean of AP and AQ (i.e, AP AR and AQ are in harmonic progression) is
called the polar plane of the point A with respect to the given conicoid and A is called

its pole.
§ 8-8-1. Deduction of the equation of the polar plane
(Gorakhpur 2013, 15)
The equations of any line through the point 4 («,B,7) are
k—a)/l=0- By/m=@-y)yn=r (say), (2)
where I, m,n are the actual d.c.’s of the line.
The co-ordinates of any point on (2) distant r from A (a,B,y) are
(Ir + a,mr +f,nr + y). Therefore, the distances of the points P and Q where. the

line (2) meets the given conicoid (1) are given by the quadratic in P
a(r+ at)2 +b (mr+ ﬂ)z +c(nr+ y)z =1
or P (@l + bm” + cn2§f+ 2 (alo: + bmf + cny)
+ (aac2 + lgﬁz + cyz -1)=0. «(3)
Let the two values of r be 1 and ro and let r; = AP and 2 = AQ. Now

AP, AR, AQ are in harmonic progression.
o R S R NN DI N Sl

7 : — s
—" PRS- —
— T —

AR AP AQ n NN
2 __-—2(ala+bmﬂ+crgl
AR gl +pf e -1
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2 2.0 2 =__{aa(1,AR)+b,5(m .AR) *+ ¢y (n . 4R))
ac”+bf" +cy -1 . ‘ "
or Now let/?x y,z) be the co-ordinates of the point R on the line (1) whog, iy an( 4
from the point A4 (a, B, y) is AR and so We have R "
x—a)l=@y-pf)y/m=@E- y)/n =A~L.

—_— AR = zZ—Y.
l].AR=x—a,m.AR=Y p,n. A
Now in order to find the locus of R, we ar¢ to eliminate /,m, n bechen %

and (5) and so it is given by
aa2+b‘32+c}/2—1= —{aa(x—a)+b,5()"‘/3)+c?’(z—7)}

or aax + bfy + cyz = 1. ' : (6
This is the required equation of the polar plane of the point 4 (a, 8, ») Wgtlz

respect to the conicoid (1).
|
§ 8-8-2. Deduction of the pole of a given plane.
To find the pole of the plane Ix + my + nz = p wrl. the conicoid
ax’ + by2 +ef=1

The equation of the given conicoid is

a’ + by2 +f=1. : ()
Let the pole of the plane |
k+my+nz=p ~(2)

w.r.t. the conicoid (1) be the point P (a, £, 7). But the polar plane of P (e, 8, ) wrt
to (1) is '
acx + bfy + byz = 1. ~(3)

Therefore the equations (2) and (3) represent the same plane and so comparing
their coefficients, we get

sa W o 1, ,-Llg.m, _n
I m n p ap’™ bp cp
. The required pole is I/(ap), m/(bp), n/(cp).

§ 8-9. PROPERTIES OF THE POLAR PLANES AND THE POLAR LINES

(1) Let P (1, 1, 71) and Q (e, B2, 73) be any two points. It clearly follows that

- if the polar plane of the point P with respect to a given conicoid passes through the
point Q then the polar plane of Q w.r.t. the same conicoid will pass through P. The

points P and Q satisfying this property are called the conjugate points.
(@ Letuy=lx+my+nz-p; =0 '
and CupsElxt+tmy+nz—p,=0
be the.equations of the two planes. It clearly follows that if the pole of the planc
u1 = 0 lies on the plane u, = 0 then the pole of the plane u; = 0 will lic on the plane

uj = 0. The two such planes u; = 0 and u, = 0 are called the conjugate planes.

(3) The polar lines. The polar line or simply polar of a given line AB is another
line PQ such that the polar planes of all points on AB pass through PQ.
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Let the equation of the conicoid be
2
ax” + l)y2 + c22 =1 (1)
Let the equations of the line 4B be
x—a)/l=(y—pB)/m=(z-y)/n=r(say). «(2)

Any point i
et e R i oot G i i Ao e g P
ax(Ir+a)+by(mr+p)+cz(nr+y) =1
or i la(l(11$+ bﬁy + cyz — 1) +r (alx + bmy + cnz) = 0.
& bred 1 llzmes or all values of r clearly passes through the line of intersection of
aax + bfy + cyz — 1 = 0,alx + bmy + cnz = 0.
Let this line be the line PQ.
Th.us we observe that the polar plane of any point R on AB passes through
every point of the line PQ and hence the polar plane of any point on the line PQ
must pass through R. But R is an arbitrary point on AB and so the polar plane of

every point on PQ will pass through every point of the line AB.

Thus we conclude that the lines 4B and PQ are such that the polar plane of

every point on 4B passes through PQ and vice versa and the two such lines are called

the polar lines. .
(4) To find the condition that the two given lines be the polar lines.

Let the equation of the conicoid be
’ (1)

2 2 2
ax’ +by +cz'=1
Let the two given lines be denoted by AB and PQ and let their equations be

given by
x—a _y=B_z-V
/ m n
and X y=F _z= 4 respectively.
I m' n'
Proceeding as in (3) above the polar line of AB with respect to the conicoid

(1) is the line of intersection of the two planes given by
o gox + by +eyz—1=0 | w(2)
alx + bmy + cnz = 0. ~(3)

Now if the polar line of AB be the given 1
The conditions for which are

and

(2) and (3) both.
o’ +bpp oy’ —1=0 e
aal' +bpm' +cyn’ =0 '
aler’ +bmp' +cny' =0 e
and o all’+bmm'+cnn’=0 : , ©)

ditions are given by (4) and ().
AB and PQ are called the conjugate lines if when
the line AB then the line AB also intersects the

Hence the required con
(5) Conjugate lines. Two lines
the line PQ intersects the polar line of

polar line of the line PQ.

ine PQ then PQ will lie on the planes

T

2 s . S

L
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§ 8-11. NORMAL TO A CONICOID.

8-11-1. Deduction of the equations of the normal to a central conicoid at the

point (,8,7). (Gorakhpur 2009)
Let the equation of the central conicoid be

ar’ + by’ + o’ =1 : < (1)

i . et
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0 The equation of the tangent plane at (e, B,7) of the conicoid (1) is
acx + bfy + cyz = 1. -(2)
The normal to the conicoid (1) at (e, B, ) is the straight line perpendicular to
the tangent plane (2) and passing through (e, 8,) and hence the required equations
- of the normal are given by
(¢ = @)/(aa) = (v = B)/(BP) = z — 7)/(c7) -3)
where aa, b3, cy are the direction ratios of the normal (3).
Now let p be the length of the perpendicular from the origin to the tangent
plane (2) so that

n 1
) - ;- v (azoz2 + b2,32 + czyz)
or (aap)2 + (bﬂp)2 + (c'yp)2 =1 ..(4)

In view of (4) the actual direction cosines of the normal (3) are aap, bfp, cyp
and hence the equations (3) of the normal to the conicoid (1) at (a,f3,7) in terms
of actual direction cosines are given by

x—a_y—ﬂ=z—y .
acp  bfp  cp ~0)
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§ 8-12. NUMBER OF NORMALS R -

12 i Is can be drawn to an ellipsol €N poj,

- y18z11)2 1. Six normals (Gorakhpur 2004, 10, 15
’ ’ .

Let the equation of the ellipsoid be
2/l Pt + 21 = 1
The cquations of the normal to the ellipsoid (1) at P (o, p,y) are

—a_Yy— B _ __,2_ = A (say). {0 cw

a/d’ /S/b2 y/c
If the normal (2) passes through the given poin

satisfy (2) and hence we have
n-a_n-F_ z1—ﬁ’=j1

1

t (c1, Y15 21)s then this point wj e

Ccl

a/d’ Cg/bz B y/%l N n
xy=a+t—j; = 13+ : Y+12'
. a c
acq é _ by1 Y _ w4 ‘(3)

(04
o & "a ¢ 2
a Gy b% + A ¢ +A1 (

But the pomt P(a,B,7) hes on the ellipsoid (1).

o2/a® + B/ +y/c =1

a1y’ by ¢z
or L + L + . =1 ()

(@ + R R

o

[Putting the values from (3)]

This equation is of sixth degrec in A and hence gives six values of A. Putting
these six values of A one by one in (3), we get six values of a, B, y i.e. We get six points
on the ellipsoid (1) the normals at which pass through a given point (1, 1,21)-

Hence from a given point six normals can be drawn to an ellipsoid.
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§ 8.14 ENVELOING CONE

" Definition. The locus of tangent lines to a conicoid through any given point is

called an enveloping cone.
8.14.1 Deduction of equation of enveloping cone of central conicoid

Let the equation of a central conicoid by a’ + by2 +cf =1 Suppose

x—a_y—ﬂ=zfy=
Y " r ..(1)

be equation of a line passing through a given pomt (, 8,7). -
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§ 8.15 ENVELOPING CYLINDER
Definition : The locus of the tangents to the conicoid, which are paralle] t, a

given line is, called enveloping cylinder. (Gorakhpur 2009)
8.15.1 Deduction of equation of enveloping cylinder of central conicoid ;

Let the equation of a central conicoid be (Gorakhpur 200)

axr’ + by2 +cf=1 (1)

and the tangent lines of this conicoid are parallel to the line Jl—c = % = f Then the

equation of a tangent line passing through any piont (e, §,¥) can be written-as
x—a_y—-p_z-y | |
I  m  n
This line touch the central conicoid (1) if [Equation (3) of art 8.14.1]
(acd + bBm + cyn)® = @ + bm® + cn®) (aa® + b* + " - 1)
Therefore locus of (a, §,7) is
(alx + bmy + c:7cz)2 = (al2 + bm” + an) (ax2 + by2 + et - 1)
which is the required equation of enveloping cylinder.
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§ 8-16. DIAMETRAL PLANE R
Definition. For a central conicold; @ diametral plane is the locus of the migy,
points of a system of parallel chords. .
8-16-1. Deduction of equation of a
Let the equation of a central conicoid be
ar’ + by2 +ef=1
Let the equations of a system of parallel chords be
| @—-a)i=(-Pim=@E-y)n=r (say), ()
where [, m, n are the direction cosines of each chord and so are fixed, and r is the
actual distance of any point (@ + Ir,  + mr,y + nr) on (2) from (a, B, 7). If (2) meets
(1) then the distances of the points of intersection of (1) and (2) from (a,B,7) ace
the roots of the quadratic in r given by |
a(a+lr)2+b(,6+mr)2+c(y+nr)2= 1
2, 2
or r(al” + bm‘,2 + cn?') + 2 (ala + bmfB + cny)
+ @+ + e’ —1) =0 .09

. Iff(c.r, P, 7) be the middle point of the chord, then its distances from the t%0
points of intersection should be equal in magnitude and opposite in sign and hence
the sum of the two values of r should be zero, so that WC\55V6 ®

diametral plane.

1)
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ala + bmf + cny =0 .
o The ¥ocus of the middlc points (a, B, 7) of the system of parallel chords with
d.c.'s |, m, n i.e. the equation of a diametral planc for the conicoid (1) is
alx + bmy 4+ cnz = 0. ..(4)
Clearly the diametral plane (4) passes through the centre (0, 0, 0) of the conicoid
@.
If |, m, n are the dr’s of parallel chords cven then the equation of the
corresponding diametral plane is given by (4).
8:16-2. Every plane through the centre is a diameteral plane of the central
conicoid corresponding to some direction.
Let the equation of the central conicoid be
ax’ + by2 +f=1. (1)
Consider a plane Ax+By+Cz=0 (2
* through the central (0, 0, 0) of the conicoid (1).
We have to prove that the plane (2) is a diametral plane of (1) corresponding
to some direction }, m, n (say).
Nf)w the equation of the diametral plane of (1) corresponding to the direction
[, mnis

alx + by + cnz = 0. ' (3
The planes (2) and (3) should be the same and hence comparing them, we get
al bm cn ) ‘m n

A B~C ° 4a”Bb Clk
-. Hen.ce. the plane (2) is a diametral plane of the conicoid (1) corresponding to
the direction /, m, n given by (4) |

§ 8-17. CONJUGATE DIAMETERS AND CONJUGATE DIAMETRAL PLANES
Let the equation of the ellipsoid be (Gorakhpur 2009)
la® + yZ/b2 +t=1 . (1)
with its centre at O (0, 0, 0). ‘ '
Let P (x1,y1,21) be any point on the ellipsoid (1) so that d.r.’s of the line OP
The equation of the diametral plane [See 8-14- 1] of the line OP is
Joq/a2 + yyl/b2 + 221/62 =0. w(2)
‘Now take a point Q (x2,2,22) on the section of the ellipsoid (1) by the plane
(2). This point Q will satisfy both the equations of the ellipsoid (1) and plane (2).
o chxl/a2 + ¥ y1/b2 + 2221/02 = (. ‘ ' «(3)
Thus the relation (3) is the condition that the diametral plane of the line OP

paSses through another point Q on the ellipsoid (1). But the result (3) is symmetrical
inxy,yp,z; and Xy, y, 22 and hence it shows that the diametral plane of the line OQ

will also pass through the point P
~ Thus we conclude that if the
- point Q then the diametral plane of the line O

are X1, Y1, 21

diametral plane of a line OP passes through the
Q will also pass through the point P

B L e |
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Now let the line of intersection of the diametral planes of OP fmd OQb ClLt the
surface of the given ellipsoid in the point R (x3,ys,z3), so that R lies on both the

diametral planes of OP and OQ and consequently the points P and Q lie on the
diametral plane of the line OR i.e. on the plane.

.7OC3/612 + yy3/b2 + zz3/c2 = 0. -.(4)
Hence it shows that the diametral plane of OR is the plane POQ. In a similar
way the diametral planes of OP and OQ are the planes QOR and ROP respectively.

8-17-1. Conjugate semi-diameters. The three semi-diameters OB OQ and OR
of an ellipsoid which are such that the Dlane containing a

of the third, are called the conjugate semi-diameters.

8:17-2. Conjugate planes. The three planes POQ,
such that each is the diametral plane of the line of inters
called the conjugate planes or conjugate diametral Planes.

ny two is the diametral plane

QOR and ROP which are
ection of the other two, are
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 8-19. PROPERTIES OF CONJUGATE SEMI-DIAMETERS OF AN ELLIPSOID

I. The sum of the squares of any three conjugate semi-diameters of an ellipsoid
s constant. - (Gorakhpur 2009)

Proof : We have OP* + OQ2 + OR? _
=@ Y D)+ Y+ 2D + (g st +23)
= (0’ + 3 +x3) + (1 3y + @+ Zgz +23)
= +b*+c [using" relations (4) of 8-18] |
vhich is a constant. Hence proved. |
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Exzample 1. Let OB OQ, OR be the conjugate semi-diametey,
2 ' '

A" +2" = 1. Find 1 if OP* + 00" + OR* = 2. (Gorakhpyr 201;;

Sol. The equation of the given ellipsoid is

2l +

3x2+/ly2+zz= 1. -
=1 =1 F=1

We know that OP* + 00% + OR? = ¢% + b? + ¢2

[See propefty I of 8-19
2=§+1/A+1or/1=3/2.

Example 2. Find the equation of the plane PQR. (Gorakhpur 2014)
Sol. Let the equation of the plane POR be
&+ my+nz=p.

| {1
Since the plane (1) passcs through P (xlsyl’ Zl), Q (xZ’y27 ZZ) and R (I3,y3, 23),-
we_have : |

bey + myy + nzy = p, - | al2)
‘ by + my; + nzy = p, ‘ w(3)
and b3 + my3 + nz3 = p, w(d)

Multiplying the equations (2), (3) and (4) by X1,

. X, and x3 respectively and
adding, we have

I(xlz +x22 +x32) +m Qw1 + 52 +x93) + 1 (ryzg + Xo2y + x523)
=p (1 +x; +x3)
or l.a2 + mO0+n0=p @ +x+ X3),
| | [using the relations (4) and (5) of 81
or | - CI=py+x+ X3)/az.
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‘ gExample 3. Prove that g '
)2 +y2/b2 B v tat the pole of the ‘plane PQR lies on the ellipsoid
a ' S (Gorakhpur 2004, 08, 13, 16)
Prove that the locus of the pole of the plane PQR is
D 2

Sl +y b+ it =3,

Sol. Procee;iing as in Problem 2 above the equation of the plane POR is
(6/a) (1 + X + x3) + (YD) 9y + y +y3) + (@)

[X - _ (z1 + 22t z3) = 1 --'(1)
1 : Let2 tzhe go})‘e of the plane (1) with respect to the given ellipsoid
2+ y'Ib" + 26" = 1be (o,B,7): | '
The equation of the polar plane of (a,p,7) with respect to
2 + bt + 2l = 1is

axla® + ;fiy/b2 + yz/c2 =1
Comparing (1) and (2), we get

the ellipsoid

.2

| a _ B _ y _1
x1+x2+x3 y1+y2+y3—21+22’+23 1
\ . a=xtntx fEytntpny=atanits

Now, we have
2 g2 2 +xy +x3)° ry by 22+ 20
B ;x| Grty2tyy) T2 23)

= 2

o
) __._+ +
a* e R bz. ¢

s{

bz

Sl

c a

2 2 2

>x by >z X1X Z12

o ; y; 4 21 +2{ 122+Y1)2’g+ 122
a b C a b™ c

XXz Y3 | 22%3 X3X1  y3y1 , %3241
+( + 2+ 2}+&——2 +——b2 +_———.c2

@ b C a
a* b ¢
==+ e [Using relations (4) and (3) of 8-18 above]
a- b” ¢

2+ 2 =3,

L The locus of the pole (A7) 5%
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