AT

3.1 Definition.

~ Tangent : Let _ {,
'P(x,y) and Q(x +0x, vy . | : x
y+3y) be two neigh- / |
bouring points on any Normal
curve y = f(x). The
chord PQ, in the
limiting position, '-

when Q approaches P
along the curve, is
called tangent to the
curve at pbint P.
Normal : The o , ~X

line perpendicular to
tangent at P is called normal to the curve at point P,

3.2 Equation of tangent.

Let P(x,y) and Q(x + 8x, y + 8y) be two neighbouring points of the
curvey = f(x). Then the equation of chord PQis

_(y+dy)-y

Y-y= (X +0X)—X (X-x) (X, Y are current coordin\ateS)

0
or - Y—yfgi—(.x—.-x).

&y _dy .
- Nowas Q—>P, & - g and chord PQ becomes tangent to the. ,

- curve at P(x.y).

Hence equation of iangent.at P(x’y) B i x
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Tangents and Normals 43 i
3,3 Equation of normal, |

Let the gradient of the
S normal at P be m. Then

me. E{" =—] or - _3_7(
Hence the equation of the /
vy Cdx § »“_OYma(li ;0 the curve at P(x, y)-is

3.4 Angle of intersection of two curves

The angle of intersection v
of two curves is the angle
between the tangents at their
common point of intersection.
If m; and m, be the gradients
of the tangents to the curve at A
their common point of
intersection and if 6 be the

angle between them, we have 5 9
§ X

m;—m, - O N
tan = ———=. )
[+mym,

3.5 Cartesian Subtangent and subnormal.

| Let the tangent and Y
normal at any point P on
a curve meet the x-axis in
T and N respectively Let
PM be the ordinate of P.
Then TM is called
subtangent and MN is
called subnormal.

If the tangent at P

makes an angie y with

y = f(x)

|

X-axis,

we have tan Y = %Xy- .
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44 Diffe
Subtahgent = TM = PM col Y
y oyt
Ty @
dx

‘ dy
and subnormal = MN = PM tan ¥ = y dx

Length oftangent =PT
=PMcosecV

—y Jlrco’y

/ 2
|J1-+tan W

= )I —

tan\y

d?.
ay
l it A
+(dx)
dy
dx

=Y

Length of Normal =PN
=PM sec y

=y\/l+tan2~\u

Example 1. Prove that the condition that the curves ax? + by2 =1 and

a'x2 + b’y? =1 should intersect orthogonally iS that L ISR e TR §
| “.a b a b
Solution. Let the given curves
ax?+ by? = | . ‘ | 0
and a'x2+byt=1" (i)
intersect at point P (x,y,)- - | W |
‘ ) Then ax12+by]2‘=1,
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i
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S, h“"f*--“m’}'fma' it ‘ D R TR
£mmpkmf . ‘,%yﬁ,ﬁym i 4 74,

- - ~ & ) ﬁﬁﬁfm ) iy 4
& with the axis of x. show that ifs 847 thoudb, 1991, 4

w o (/Zﬁ)":‘ Z/};
Cohataces 7"'""&"’;, y‘. SOV > ‘b,‘f “

: v be ta&er.ﬁ Z:f

B perzmenric eanadions
R ] o~ dyf
x = a s’ ¢ S’ 405
&y
. - /_ g,m 6,‘.:
. ax i v, 3 = y& ¢ uéf '9)
Tren — = 3a 532§ cos b 4 /
B 5
Ciy
g T G emed fil i
dy B ;‘ig, Jaeos™ Gf—si *ﬁ/

{
!

- & Zasiv” g eosd

=—cofd.

E ~ v I o ot BD j fia
Ezpation of mormai at poid P (%, )

’n

”‘f"T"f’
I

5 . f N g o e e . o
Femee gradient of nomwl s 5 = 4w 4

..ef_']/
'l
g
T gz fe s 2 mprrs e T r‘/' 2P A e Ashiethiss d
LACTZTOTE Zopreton of "I(‘J’" wl al 7 (& _,‘)) % e GieE iy
¥ —Z cus = tan g — 315 §)

or yeasd -z’ =i d- 25’ §

sr wessg—zsind = s’ §— iy
7

o il A o T ! 4 fos
= @RS O I A st b~ gy
W Stif fl/,f./}»y fl’ AT tl'/

P 4
FECIE L

35?@@ &wﬁéﬁfm

e

D A i erieh T s vty Abngs
RS Y pagding

Hmanes - ﬁ'm ) Tt ,fifrff“ and iclination of OF 4y 2 ; Hrsd “*Hé)ﬁ"ff‘

%
SR
%
§
o R
3‘
-
o
2
¢
8
n
Y

!ﬁﬂf 6’/}?«‘
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Tangents and Normals 47

The fixed point O is
called the pole, the line OX is
called the initial line, r is /(x, y)
called the radius vector, and P(r, 0)
0 is called the vectorial angle ot //
of point P. We call r, 0 the '
polar coordinates of P. If

—X
Cartesian coordinates be Pbe  (Polc) (Initial line)
(x, y), we have
X=rcos 0, 'y =rsin 0.

x2+y2=12,  tan@=y/,

3.6.1 Angle between radius vector and tangent : Let P(r, 6)

E be a given point on the curve r = f(8) and Q (r + &r, 8 + 86) be other point
of the curve in the

- neighbourhood of P. Let | (r+3r, 6 + 80)\ Q T
¢ be the angle between ' /

the radius vector OP and

S I —— e —
R i o i = Bt R T

tangent produced. Draw
QM perpendicularto OP
; produced. As 80 — 0,
Q > P, also chord PQ
— tangent” PT" and

—X
ZQPM - ¢.
2 | Hence tan § = };é'_':g tan ZQPM
560 PM
(r+0r)sin 6

- 661->0 (r+0r)cosd0-r
T (r+or)sin 60
- 5162?0 Srcosd0—r(l - cos89)

sin 60
30

(r+0or)

= Lim
560

. 200

Sr 128in —2—

- (—- cos 00 — ———=
60

30
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0
e
- Lim M”""""’"’Emé()

50->0 2
%)cos &o-r *"’g(‘)"’sm K}

-t

) v i
_ (r+0).1
~dr :
ar 1-r.1 .sin0
0 ]—r.1 .sm
o or _dr
_‘E using 5151—% 66 T
0 sind
. Li =1,
and 50333) 86
' 2
de
tan
| ¢ dr

3.6.2 Length of perpendicular from pole on the tangent :
Let r = f(0) be given curve. Draw OT perpendicular to the tangent at any

point P (r, 6) of the curve r = f(0). Let OT = " P
Now in triangle OPT,
p=rsin¢ weeee(1)

= L - :
p?. r?sin? ¢
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50
f the length of

arc.

3.8 Differential Co-efficient 0

(1) Cartesian v
form : Suppose A be a Q(x+8x, y+3y)

fixed point on the
curve y = f{x). Let P(x,
y) be arbitrary point
on the curve such
that arc AP = Q. Let
Q(x + dx y + Jdy) be
another point on the
curve such that arc AQ = s + 8s.
Let us assume that Q — P.

chord PQ
Lim ———— =1
Then sx—0 arc PQ

5

or
Sx—0 OX 05

2 2 :
Lim \/(SX) £(0y) = Limisi ,
5x—0 0X 5x—0 OX

-

' 2
Lim .1 §l = ds
Sx—0 ox dx

L5 I+ dy 2
or dx dx

When equations of the curve are in parametric form, say X = x(t)
. ¥ b

or

or

y = y(t), we have

—— | pm— —— N
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it P ;
‘ Diﬁbrcntml Calculu

edal cquatlon of the Curyg,

Eliminating 0 between (i) and (i) ¢ fituives Letr=fi(®)andr= f

<tonn et ! PO"' d ¢, be the angles which tang

be two curves intersecting at P. Let ¢1 2" (2)P Then angle of j mtersect
to the curves at P make with radius vector

of two curves: is ¢ — P ' |
Exampl'e\ 3. If ¢ be the y
angle between the tangent to a . .

B curv ;i rector drawn
b rve and th?r.adzus'\ect - P(x, y)
B from the origin to the point 0

: r
contact, prove. that b

; Solution.

From figure

Y =0+ ¢.
Also . Sind =tan O
X rcosB A
d Y_,
an I gn q/l.

Since ¢ =y -0,
therefore tan ¢ = tan (y - 0)
tany - tan @
" l+tany tand

(EHY
260
(-]
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PROPERTIES OF INTEGERS 5
For example 214 and 216 hence 2 is a common divisor of 4 and 6.

DEf'“'t'On (4.2). Greatest common divisor (g.c.d). (2010, 12)

d
l t | | g test common d v 'SO| (g C. )

(i) It is positive.

(if) It is @ common divisor of m and n, i.e. d| m and d|n
and

~ (iii) ltis divisible by all other common divisors of m and n, i.e. if
m and c|n then cld. -
“In symbols, d = (m,n).
For example. 6. is the greatest common divisor of 12 and 30
because (1) 6 is positive
(i)6]12and6]30
and o
(iif) the common divisors +2, +3and +6 of 12 and 30 also divide 6.
Thus6 = (12 30).
Note 4.1. (i). If elther m or n is zero, then the non-zero lnteger IS

the g.c.d.
(ii) If m and n both are zero, then we define zero to be the g.c.d.

. Theorem 4.1. Euclidean algonthm Any two non-zero integers '
m and n have a greatest common divisor space d such that
d =am + bn, where a, b €Z .(GKP 2004, 2006, 2012)
.+ Proof. Letm and n are two given non-zero integers. Let us construct
an infinite setAwhlch is given by - ,
| ={xm+yn:Xy €Z}.
Let B bea set of all the posmve elements of A, i.e.
. B={xm+yn>0:xYy&Z} €A
B Let d be the least (smallest) element of B. Then .
deB =>d>0andd=am+bnforx=a 7
and y=b. | ‘_ e (1).
Claim 1. We claim that d| m and d| n,ie.
d is a common divisor of m and n.
Since m is a non-zero integer a

nd d >0, therefore by division

algonthm there exist two unique integers q andr such that ‘
"~ m=dq+r, where 0 gr < d RS (2).
r- m - dq o
— (am+bn) q (d= am+bn)

or (),
0 <r<d, thenr €B which contradicts
O<r<dis nc:t true.

= (1-aq) m + (=b@) N
 Thus, r is of the form xm +yn. If
the fact that d is the least element of B, Hence |
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[ GEBRA AND TRIGONOMETRY
ALGE
ing r=0i ave ma=
6 fore, =0, Putting t =0in2,weh m=gq
ThereO ' .

; -ngi':.*s anon-zerointeger and d >0, Therey
Further, !

€3a
thm we can similarly prove _that d l n also. pmﬁ
division-algont. m mmon divisor of mand n. Hence Our,Claim }
Thus, d158 €0 i ' and C[n then Cfd 81,
im 2. We claim that if c[m :
Claim d ¢[n = c/am and c|bn
=c|(am + bn) by Example 2 1 (iv
- = c|d, by (1). '
Thus any divisor of m and n also divides d.

ur claim 2 is true. _ '
. ?he: ﬁ:laotion 1, claim 1.and claim 2 collectively satisfy the deﬁnfﬁoq

‘ divisor of m and n i.e.d=
d is the greatest common , = Ay
4.2. Hfﬁlg:a 4.2. The integers a and b are not unique because ¢ Canbl

2

Now ¢[m an

rewritten as :

d am+bn+mnp¥mnp, where p €7 andp »(

(@tnp)m + (b-mp) n
Am+Bn ‘Where A= (a+np) #a
and B=(b-mp) =b.
Definition (4.3) . Two non-zero Integers m and n are sajg o be
relatively prime (or co-prime to each.other) iff their greatest commg;

divisor is 1, i.e.(m,n) =1.
For example, 2 and 3 are relatively prime; 5 and 7 are relatively
prime; 11 and 13 are relatively prime. '
Theorem 4.2 . Show that :
() k(m,n) = (km, kn), k> 0.
) (mn)= g, m|p, nlb = mn|bd.
i) (mny=q, m= Xdn=yd = (xy) =1,
V) (mn)= 1, (pin) =1 = (mp,n)=1,
V) (mn) =1, nlpm = nlp.
0y (vi) | ("}“) =1 = (mkn)=1 k>0.
e BT O0f. (i). Let (mn)=q |

g 'Théref ‘ : . (4% . ]
that - e by Euclideqn algorithm, .3 two integers a and b such

......

i, | o
iy U'tlp_lyi_ng 2byk > S ‘have : 3 | aiens
' "'"*'-"ra;--.‘-‘-._l:k(;::(km)*b(kn)' m T s R )
mes = e Scanned by CamScanner



JROPERTIES OF INTEGERS : ?
Hence every common divisor of m and n is also a divisor or r. -
The relation (k+1)= rilr_y.
In the light of (k+1), the relation k = r I _».
Thus, continuing retrogressively we find that ry divides ry, nand m.

‘“ The above interpretations reveal that r, satisfies the Definition 4.2.
1 lence (M, n)=(n,ry)=r,, thelast non-vamshlng remarnder in this process
k nown as Euclid’s algorithm.

Example 4.1, Find the g.c.d of 2772 and 273 and express it in
the form a* 2772 +b- 273 in two ways, where a and b are integers.
Solution . '

.‘

273)2772(10
73
- 42)273(6
252
21)42(2
o
X

(GKP, 1988)

Here, the last non- vanlshlng remainder is 21.
Therefore, in view of Theorem 4.3, the g.c.d of 2772 and 273 is 21

4 Now we can write 2772=10%273+42 (1)-
5 273 =6x42+21 ... (2).

a2 =221 3).

From 2, we have
01=273-6%42
- 973 6. (2772-10%273) from 1

- - 073-62772+60%273
. =-ea2772+61x273 3 frige (8)
wherea=-6andb=61. : H1T Bk
In the light of note 4. 2, we can also express the g.c.d 21in the
@ form: prger -
21 =(=6+273) % 2772 +(61—2772)x 273"

= 267x2777+(—2711)x273 g o gmiie o ).

Where A= 267 and B==2711.
Example 4.2. Find the g.c. dof 4078 and 814 and express it in
the form a 4078 +b 814 in two ways where a and b are integers.
, 9 (GKB 1996)
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ALl
10 n ‘ .

golution - g1 ()‘7{3({5 ;
4070
8)314(101
8

14

8

6)8(1 |

6 |

2)6(3 |

6

X

Here, the last non-vanishing remainder is 2. Therefore |y Vie‘!

Theorem 4.3, the g.c.d of 4078 and 814 s 2. |
Now we can write 4078 =5x814+8 [l

814 =101x8+6 i

8  =1x6+2 o)

6 =3x2 o

From (3), we have | |
2=8-1x6
=(4078 - 5x814)-1(814-101x8) using (1) and (2) |

=4078 - 6x814 +101x8 i

=4078-6x814 +101x (4078-5%814) from (1)

=102%4078 + (-511)x814 e i
wherea=102andb=-511. :

Inthe light of note 4.2, we can also express the g.c.d 2 in thefo?

2 =(102+814x4078+(-511-4078) 814 |

- =916 %4078 + (—4589) x814 . ol ;
WhereA=916 and B = _ 4 | i

iy 589, .

) re 4 x n v : T g
Sibissrcin m44. |f p IS a prime integer and p divides mq. M2 men

A T T ipmf; Since p (my. m ) » h s : - '?
S Therefore, my. . 2 V1ET@ P prime. | ‘\

Sl R P T My = P forgome o A ...-(1)'

% Lelpdoes notdivide m{"‘thefefdrqe N b
T
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PROPERTIES OF INTEGERS I

Hence by Euclidean algorithm. 3two integers x and y.s.t.
1=Xp +ym,. |

Multiplying 3 by m,, we have

| My = MoXp + Myymy

or My = MyXp + Mymyy

or My =mpXxp+pay by (1)

& or my=p(myx + qy).

= which shows that p divides m,.

‘ We can generalise the above theorem as follows :

Theorem 4.5. If p is a prime integer and p| (my, My, mé....mn)

~ then p divides atleast one of my, my, mg, ............ m, =

1 Theorem 4.6. Unique factorization theorem or fundamental

-~ theorem of arithmetic. ‘

3 Every integer m (|| >1) can be uniquely expressed as a unit times

~ afinite product of positive primes except for the order in which the prime

. factors occur. -~ [GKB 97, 2005]

Proof. The statement of the theorem reveals that m is neither

. zero nor units 1. Hence two cases arise, i.e. either m>1orm <-1.
Case 1. Let m >1. .

If m = 2, the first positive prime, then

2 =1. 2 . Hence the theorem is true.

3 By virtue of principle of induction, let the theorem is true for positive
_ integers less than m. If m is a positive prime integer, m =1m Hence the
. theorem s true. If m is not positive prime, it is obviously positive composite

integer. Then m can be expressed as :
m = m4.M,, Where 1<my. my<m and m4. m, are finite products

of positive primes. Hence mis expressed as a unit times a finite product

of positive primes. | o
| Uniqueness. Let m be expressed in two ways. viz.

M = Py Po. Pgecereeneeeenes Pr e g T g BN (1)
and |
M = Q4. Qg Ggeeeeeeeenees %L S ds : (2)
where p’s and q's are positive prime integers.

From<(1)and (2), we have %

P1.P2-P3-e e p,.=q1.q2.q3...l...;...qi_'1.qi,qiﬂ.......;..q ..... §3)

“Now
= pm
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12 ALG
— pqdivides atleast one of g's, say q,(due to Theo,
= Pq= qq(since a prime integer cannot be 4 d re

Vig

another prime) q

In view of (4), the relation (3) is red;ced to'q -..,(4}.:
;P p, = 41 gg.eeverees Qjmtr Diggeeeree s ‘,
e r t, we can prove that )

Repeating the same argumen

p, =qy for some j#1
Therefore. (5)is reduced to
Pz, Pgeeneeeeeee Pr= 44 o [ YPPRPRIS i1 ..Qj+1-Ys -

of cancellation until one side of (3)

We continue this process
reduced to1.-Since p 's and g's are integers, the other side of (3) als,
Thus representations of m given in (1) and (2) ar,

must be equal e 1.
he order in which the prlme factors occur.

the same except for t
Case 2. Letm <—1.
The proof is similar to case 1

Hence we have theorem.
Note 4.3. The above theorem does not exclude the occurence of

equal primes. The same does not say anything about 0, 1 and —1.
Theorem 4.7. Prove that the set of all prime integers is infinite.
Proof. Let there are only n posmve primes, where n is a finite

number, Then there shall be 2n primes (positive as well as negative). Let
ppand -

—
-

---------

the n positive pnmes be P1, P2, P3
p, =m, where me€Z*

B j D1, P2,P3eee--
~ Considerthe integer m+1. Obviously no p;; divides (m+1). Therefore
| either (m+1) is itself a prime greater than p,, or has a prime greater than
Py as its factor which contradicts the hypothesis that p, is the greatest
| _'pnme ‘Hence our supposition is wrong. Thus there shall be infinite number
of positive primes and hence the set of all prime integers is infinite.
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PROPERTIES OF INTEGERS 13
5.Congruences.

Definition 5.1. Leta, b€Z and n be a positive integer. Then we
say that is a congruent to b modulo i iff n| (a - b)

Symbolically, we write a = b (mod. n), where niis called the modulus
of the congruence.

Thusa =b(mod.n) < nl (a—b)
©a-b=nqg,qezZ
<a=b+nq

Example 1. 7 =2 (mod-5) because 5| 7-2)

(
6 =1 (mod-5) because 5| (6 - 1),

5 =0(mod-5) because 5| (5-0).

Theorem 5.1. The relation of congruence modulo n is an
equivalence relation on the set Z of integers. (GKE 2006)
Proof (i). Reflexivity. ‘

Since ni(a-a)
. a= a(mod.n)
(u) Symmetry.
Leta= b(mod n)
a=b(mod.n) = nl(a-b)
= (a-b)=nq =>a=b+nq
=b-a=n(—q)
= nlb-a)
= b =a(mod.n)
(iii)  Transitivity. Leta=b (mod.n)andb =c (mod.n)
, a=b (mod.n)and b =c(mod n) = ni(a-b)and nl(b-c)
= nl[(a-b) +(b—c)]
| ‘ ‘ = n | [(a-b +b—]
=nl[(a-=<)]
— a =c¢ (mod.n).
- Theorem 5.2. If m €Z and n be a positive integer, then
| m=r (mod.n),
where r is the remainder when m is divided by n.
Proof. Let m €Z and n> 0. Then, by division algorithm,there ex|st
two unique integers q and r such- that _
m=nqg+r, 0.<r<n.
or m-—r=nq. ::>nl(m—r)i
= m=r(mod.n)
2 Theorem 5.3. Two integers aand b leave the same remainder,
%en dmded bya posmve mteger niff. P~ (GKB 2009)
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<:> as b(mod n)
ction and multlphcatlonf
b

congruence modulo n.
(mod. n) and ¢ =d (mod. n), then

‘(m)a =b (mod, nandc = g

Theorem. 6.1.1fa = =b
() a+c=btd (mod. n)

(i) a-c=b-d (mod. n)
(i) ac =bd (mod.n)
(iv) a™=b™(mod. n) where meZ KB 0y

(vy a+tm =b+m(mod.n) mME€Z:
(yi) -am = bm (mod.n), meZ.
Proof. (i). a =b (mod. n). and ¢ =d(mod. n) and n|(c-d)
 =nf@-b)+(c-d)]
snfa+c)-(b+d)]
= a*c= b+d(mod.n)
(i) @ =b (mod.n)and ¢ =
d
= tfla-b) ~(c-d) T HamDantes
=0~ (b-q)]
=> aC= b_d(mod n)

(mod n) = nl(a b) and H’(C -d)

b
D :g‘“% and ¢—g= nq
| % +nq1 and C=d+

aC—bd+ ( nq
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/‘\NIJ = P
classes-
Lence AR ,
Laves the same remainge, . My

ﬂig t}g?
(modn)- Thus

] cagyv
ulo N- [{r
du the symb° | —2n, =N, I, TN, 142y

i

inte eris
lrl-go123,4,5 ........ I

a 1 &1
e know ! sidues: V2 L ded i e 0§
W rre can beé divided inton residyg C}D\h

-n, 0, n, 2N....... }
—n, 1, 1#0, 1420

2,2+, 2+2n... ) |

]
.....
..................
.........
ere®
.......
...........

o)
V,L

......... _ n__1]={1 On,sdenoted byz,(n)z'{ml

The s€ . ‘ [n—1 ) .
[1), [} o ‘sum of residue ¢lasses modulo n. |
The sum of; residue classes [r,] and [r2] is defined a |
Try] + Nlr2l? [ry+ro] = [r] U

where ris the least - on-negative remainder when ry+r is devidedby, |
i.e. ris reduced mod n. A ‘;-
Example 1. Let Z (7) =1 (o}, (11, (21, (3], [4], [5] [6]} be the setqf|
residue classes modulo 7. Then[0] + 7[4] =[4] [2]+7[3] = [2+3] and[f]

+7[6] =[4], since 5+ 6 =11 =4 (mod 7). _ _
due classes modulo n.

Definition (8.3)- Product or resi |
The product of two residue classes [r{]and [r;] is definedas |
[ry] 0 [ra] = [r1, Rl=[l - gl
rwhen ry. ry is divided byn |

where ris the least non-negative remainde

i.e. ris reduced mo~dn. -;
Example 2. Let Z((7) = {[0], [1] [2], [3], [4], [5], [6]} be the*

of residue classes modulo 7, then.
[2] 7[3] = [6], [4] 7 [6] = [3] since 4. 6 = 24 = 3(
:'nc: {1l 715 = 3 . .6=24 =-3(mod 7)
"Note 8.1. S ' - ¥
discussed in Chép?er?éel. earan Pl’Opertles!‘,o‘f residue classes
9. Linear Congruences and reciprocals.

Definiton 9.1, L et _
then the equatigngéhr,;: ta,b &z, n €2+ and x be some unknown quant®)
B typ €&x= b(mod n)is called ‘/inearcongfue’(’ff

modulo.n. :

will be
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An ‘mtcgm! valis of ¥ lying bstwsen O and n, which satisfies 1 is
called an “fneongruent solution' of the linesy o ngurences (1),

Theorem 9,1, The linear congruence sx= b (modn) has 3 solution

iff (za,n)lb, (GKI2 2007, 2010)
Proof. Letq *Z.be a solution of the linear congruence
=b(modny (1)
Then ax1 b (modn) 80 that nl(ax~b) or axs-h=nqg
o ax-ng=b for some <2 A2)
Let (a,n) =d

Now (a,n)=d = dlaand dIn

= dlax,and dlng
=d | (ax1—nq)
=dlb by (2)
Conversely, let (a,n)=d and d Ib.
In the light of Euclidean algorithm, (2, n) =d
— . d=pa+qgn, forsomep, g€z i AT
Now,dlb= b=dk :
= b=(pa +gn)k by (3)
= b = pak + gnk
- = apk-b=n(—qk)
= n | (apk-b)
— apk =b (mod n)
— pk €Z is a solution of ax= b(mod n).
Note 9.1.1f(a,n)=dandd | b, then ax =b(mod n) has d lncongruent

solutions.
Theorem 9.2. If x4 €7 is a solution of ax=b (mod.n) and

inear congruence.
%, =X (mod n), thenx; is also a solution of the given i g _

[GKP, 2011]
Proof. Since X, is a solution of |
ax= b(modn) ” . (;;
therefore  ax4= b(mod n) Sl (2).

Now X, = X4 (mod n) | |
ax, = ax4 (mod n) .
; =b (n11od n) dueto (2) and Theorem 5.1 (iii) g
- x., is a solution of (1). . |
Thegrem g.3. The linear congruence ax =1 (mod n)
has a solution iff (a,n) =1.. 3 e gy
Proof. Let X be a solution of ax=1 (mod n)

i b e e E S o
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PROPERTIES OF INTEGERS 19
congruent solutions modulo 21.
Solution. Here 35 X =14 (mod 21).
Since d =(35, 21
lutions. 1 can t()e wrltte?n a7s e 7l14 hence 1- e
7.5 =7.2 (mod 7.3)
or  5x=2(mod 3), due to Theorem 7.3
=5(mod 3) (-2 =5 (mod3))
or x=1(mod 3) (due to Theorem 7.2). :
Now [1] (mod 3) ={ ....... -9,-2,1,4,7,10, 13,16, 19,......).

Hence the solutions of (1), lying betwee '
13 o ), lying between 0 and 21 are 1,4, 7, 10,

Example 3. If p is a positive prime integer and a eZ, then
a2 =1(mod p) a=1(mod p) ora = (p-1) (mod p)
Solution . a?= 1 (mod p) = pl(a®~1) (GKP 2003, 2009)
= pl(a—1)(a+1)
= either pl(a-1) or p|(a+1), due to Theorem 4.4.
= eithera=1(mod p) ora =-1(mod p)
= (p-1) (modp)
(=1 =(p-1)(mod p)).
Theorem 9.4. Fermat's theorem.
If p be a positive prime and a is any integer not divisible by p, then.
aP~! =1(modp). (GKP 95, 98,2005,2008,2011)
- Proof. Since p is a positive prime integer, hence all the positive
. integers less than p are not divisible by p, i.e. 1,2,3,4......... [ A (p—-1)
are not divisible by p. By hypothesis ‘a’ is also not divisible by p. So the
integers a, 23, 3a,....... ra,sa......... (p-1)a are also not d|V|S|ble by p.
Let S be the set of these (p—1) elements i.e. '
- S={a, 23, 3a,........... - sa, (p—1)a}
Claim 1. We claim that
ra ==sa (mod p), r=s,1<f, s<(p—1)
Because, ra =sa(mod p) = pl (ra-sa)
= pl(r-s).a
= either pl(r-s) or pla
which is not possible, as Ir-sl<p.

- Hence our Claim 1 is true..
So in the light of Theorem 5 3 and Claim 1, all the mtegers inS.

leave different remainders when divided by p. So remainders may be
0,1,2,3,4 oty S (p-1). | _ :
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~1
ra s 0 (mod P). 1<l sﬂo:> )p[ra
Because, 1a = 0 (mod p) ,
- either plrorpla. -
ible. Hence our Claim 2 is true.
Tt m 5.2 and claim 2, the inte i
N3

which is imp Theore .
Therefore, dué t0 f........8,(p=1) modulo p in somg - N§,

congruent to 1, 2, ngruent jdentitiés of the typ;r'

: on
e have (p-1) linearc
ThUva 15,,, t S(p—")

ra Et(qup), : iti
Multiplying these (p-1) lidentitive, Wf)haav:1 2.3 "
.28, 38, 4. T8 S (P " -----(p~1)(m0dp
or a1, [p-1=p=T(modp)

' (gt Ip;l

r aP-1 =1(modp) | .
| ;xample 4. Letp =5 and a =4 (not divisible by 5) al
Here S={1.4.2.4,3.4, 4.4} -

1.4 =4 (mod 5)
2.4 =3 (mod )
3.4 =2 (mod 5)
4.4 =1 (mod 5).
Multiplying these 4 identities, we have

N 4* ]§=[f(mod5)

o 4% =1(mod5) (- |4 5=1)
‘Theorem 9.5. Wilson’s theorem.
If p be a positive prime, then,

=
P[p_ +1=0(modp). (GKR 2004, 2006, 2009
ro?f. Case 1. When P =2, the first positive prime
In this case the theorem is true, because

2-1 +1=0(mod2):‘>2[[1+1—0] =212

Case 2. When the prime p 59 e
._ Prime p>2 then p i .
- SetAof (p-3) positive integers lepss thahnen Tl e -etus considerte
A=R345 | 20
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PROPERTIES OF lNthhRS 21 |

:>r0—1(modp) )

0-1 - ich is i i
= fr|r(10du|)e:; Pl(r 1)wh|ch IS Impossible; 1 is reciprocal of

= r.1=1(mod p)= p|(r-1) which is impossible, (p-1) is

= . (p=1) = 1(mod p)

= pl(rp—r—1)

3 = pl{rp =(r+1) ] which is 'mPOSSIble as (r+1) is not an lntegral
-multiple of p. \

E Hence our Claim 1 is true.

4 Claim 2. We claim that any r A is not self reciprocal, i.e. is not
] ,emprocal of ritself modulo p.

Because ris itself reciprocal
=r.r=1(mod p)

= pl(r2-1)

= pl (r=1) (r+1)

— either pl (r—1) or pl(r+1) which is impossible.
Hence our Claim 2 is true. '

As a consequence of above two claims, we can say that recuprocal

‘- of rmodulo piss €A such thatr #s. “Therefore, reciprocals of half of
the elements in A are the rest half of the elements of the same set in

- some order. |

, (I
~ Thus, we have o identities of the type
r.s =1(modp) o raEa(1)

-3). . .. . ~
identities, we have

Mulilying these
2.3.4.5.....(p~2) =1(modp) - : 0] .ni(2)
Multiplying 2 by (p—1), we obtain . | b !
lp—1=(p-7)(modp) e 2
_ 1 (od p) (- (p-1) ==1 (mod.p) F
or(p-1)+1 =0 (mod p). s

Example 5. Let p =11,

thenA= {23456789}
‘Rec,lprocal of2is 6 modulo 11.
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