x'
(—6’0) =
| Excercise 9-1

GK
1. Trace the curve y2(2a-Xx) =X [GKP, 2012
2. Trace the curve X0+ y5 = a? xy
3. Trace the curve y2 (> + y2)—4x (X
4. Trace the curve y2 (at X)= x? .(a —X)

2. 52
5. Trace the curve x4 - y4 =x2y+x“ =Y
(x=5).

6. Trace the curve y>= (X -2)?
7. Trace the curve y? (X +3a8) =X (x
8. Trace the curve y2 (x—aj = x2 (x+a)

242y +16x°=0
[GKP, 200

—a)(x —2a), a>0

Tracing the polar curves.
‘We shall adopt the following procedure for tracing the curve :
1. Symmetry. (i) If the equation of curve remains unchanged, when 0
is changed into 0 then the curve is symmetrical about the initial line.
(ii) If the equation of curve remains unchanged when 0 is changed into
(n - 0) then the curve has symmetry about the line o=2, |

(iii) If the equation of the curve remains unchanged when 6 is changed

W
into 5 —Q then the curve has symmetry about the line @ —_-%43 .

: (iy) If the equation of curve remains unchanged when r changed int0
—r then the curve is symmetrical about the pole
2. Tangent ind if the pole 1. | ‘
=0 tha"ege"t'at thfe S 0 i the pole lies on the curve. For this P!
r =0 in the equation of the curve and find the valye of A. If the value of 0 27
real then the curve passes through pole. Ifr=g fdr a G hen the line 6=¢
is the tangent to the curve s tien ey
is the tangen e curve at pole. If poe i a singular point, find its naturé
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Curve Tracing - 203

3. Asymptotes. Find the asymptote of the curve, if any.

4. Regions of the curve. Find the values of 6 for which r becomes
imaginary. If r is imaginary for o < 6 < B, then the curve does not lie in the
region bounded by the lines 6 = o, and 0 = p.

5. Some points of the curve. Prepare a table for corresponding value
of r and 0 for the curve.

6. Direction of tangent. Find ¢ using the formula tan¢ = f%—?‘ . This
gives direction of tangent with radius vector for some special values of 0,
say6=0, %, i '

~ Note : If n is odd, the curve r = a cos nf .(or r = a sin n0) has n loops;
but 1f n is even the curve has 2n loops.

Example 7. Trace the curve r=a + b cos 6 when (i) 2> b, (11) a<b,
(iii)a="b. :

Solution. Case (I). a > b.

(i) Equation of curve remains unchanged when 0 is changed into —-0,s0
the curve has symmetry about initial line.

(ii) Putting r =0 in the equation of curve we get 0 =a + b cos 6, i.e.

cos® = ——. Since a > b so the above relation does not give any real value

of 6 for r=0. Hence the curve does not pass through the pole.
‘___/'
(iii) For dlfferent values of 0, the corresponding values of r are given

in the following table :

o | o |a3 |n2 |23 [

I a+bla+b2| 2 fa-b2ja-b

(iv) The equation of curve gives g-g =-bsin®.

e riE)__ a+bcosO
dr  —bsin®
‘When 6 =0 tan ¢ =c0, i.e. ¢ =/2. Hence at pomx (a + b, 0) tangent
is perpendlcular to radius vector . Considering symmetry about initial line

“and plotting the above pomts and direction of tangent the shape of the curve

is as shown i in the figure. .
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204
0‘. /2 .
(a b £). (a+D..0) :
- Casefl.a<b. |

(i) The curve is symmetr ical about the initial line. .

(ii) For T=0,0=a+b cosf or £=c0S ~!(-a/b). Since a<b, therefoy,
we get two real values of © between 6 = 0 and 6 = 2, say 0=a,0=, Thug

tangents at the pole are 6 = ocand 6= B.
 (iii) For different values of 0, the values of r are given in following

table

6 0 3 | a2 |2a/3 n |

rLatbla+b2{ a  |la—b?? a-b‘

,'.o:"n/z“ L . |

(a+b,0)

(V) tang = i*b‘ﬁ\%@
=<~ban6
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Tracing of ¢ i '
I & olcurve with Parametrie cquations.

Method I : Fipg :
the Cartesiap Equation of the curve by eliminating

the parameter between the i
I N the parametric equations of the curve and trace it.

Method I1: Fing &y 9 _ 4
dx dx _(ji
Then fi oy
ren find W from tany = -2 4 different points and prepare table in

dx
X, ¥, tand ¥ and trace the curve,

Example 9. Trace the curve

el a it ,
X=acost + 3 log tan 5> Y=asint

Solution :

dx a 1 t t 1
1) We h —— = -asi = . = .sec’ =
(i) ave pm asmt+2 : 2tan2 sec )
tan® — ‘
g -2
. a
=-asint+ : :
2tan —cos” —
) 2
=-—asint+

2sin—cosl
2- -2

| —sin’t
sin t

acos2 t
"~ sint
dy
. — =acost

and dt

dy

i :_CE__ = tanvt

tan\/ = dx

dt

ie. it
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208
is as follows G T :
The table between t, x, y and B8 e —
t ' | i g L ———]
0 0 0 oc
X oc \
y 0 —-a 0 a 0
W —nr_l — /2 'O.' 7§/2 o

A ' ' a : 2t - .
(ii) For t if we put —t, we get x=acost+510gtan- 5 ,Y=-asint,

This shows that the curve is symmetrical about x-asix. If we put

-7 —tin place of t, we get x =7acost—510gtan- —, Y =asmnt So, for

every value of y we get two equal and opposite values of x. Hence the
curve is symmstrical about y-axis.

(iii) Whent=0, x — - and y =~ showing that y = 0 i.e., x-axis
is an asymptote of the curve. !

~(iv) Whent=m/2, x =0, y=aand ‘_d)_' =00 . This shows that the

curve passes through (0, a) and tangent at thjsdpxo
Considering all the points the sha
This curve is called tractrix.

int is y-axis. _ |
pe of the curve is as shown in figure.

Y

B
(0,a)"
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Areas of ' | |
> 0f Curves (g S,

. Areas of CUIVes given by Copoie
Theorem : If f(x) is a gj by Cartesian equations.

the ordinates atx=aandx =i y the curve y = f(x), the x-axis, and

b b
N {COT S e

S I SO :

- - Proof : Let AD be the & .
ourye glyen by the equation ,1\; . _ ,&@'
y= {0, and BAand CD be | S

the ordinates at x = a and | :
x = b. We are now to find LR ¢ )

area ABCD which is bounded a /ﬁ 1.
._byy=f(x),x=a,x=band 1
Y-axis. L

Let P(x, y)-be any R=a o -  {x=b
~point on the curve and g B ‘ B
Q(x + &x, y +dy) be neighbo- \\ e
_uring point of the curve. Draw A 5x
ordinates PN and QM, then ,‘ —
PN =Yy, QM=—‘y+5y and . O BN M
NM =6 | Fig.6.1
-~ LetA denote the arca = F
~ BNPA, then arca ABMQ will be At 04,
~ ie. area NMQP = JA. | '
~ Now area NMQ'P =Y 3 e
* and area NMQP’ -y toyox. A T i
L -ar;‘neea?ea NMQP lies between the arcas NMQ'P and NMQE™ .

—> X



114 [ntegral Calowlty
‘ Y
or dA =y dx. i

Integrating between
the limits a to b, we have.

-
-------
-----------------
-------

Q (x+8% y+8y)
AP, y)

Iy dx = [A]® = (arca when
“x =b) - (area when x=2) N
=Area ABCD - 0. M

Hence the required
‘area between the curve

Xx=aandx=b, is
- j[fz(x) ~ £y (x)]dx -
a ;o
(iti) If the chr}_'fc is

symmetrical about x-axis, then

X=-

.o W e e emEm-n .-

]

y .f(x) the Ex1s of X, an’d A y=c B(x,y)
ordinates at x=a and x=b, is | »
L ‘ _ —>
Iydx jf(x)dx. 0 Fig. 6.3
d
AY N yv=
Remarks. (i) The area 28 y = f5(x)
bounded by the curve X 2
=f{y), y ams, and the lines y = ¢.and
y ="d, 18 dey -
¢ _ x=b
- Here the strips parallel to x-axis /_\
are taken - Ao fl(x).v
(ii) The arca bounded by the Ry \ o
curves y = f,(x), y = £;(x), the lines ¢y |- _ S X

'ﬁxid the area above the axis of x
4and multlply it by 2,

Find the
whole area between the curve.

Example 1:

S eweeEmeaame e e
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117

e

} = A7 = = 9 “]/2
24 96 33 square ypjs,

Example 4, Prove
that the whole area betweg,

the four infinite brancheg of B (0, a)

the tractrix .
1 {x-axis is asymptote}
x=a cos t+ —2— alog tan? t , ,
. . ‘ 2 A,
y=asmtis wa t=0
IGKP, 1997].
Solution.
The given curve is

| t
x=acost+ Ealogtanz—,

sint

y=ésint., e
> 1. 0.
The required area
= 4 x Area OBA’
/2 d :
x .
= C==dt (1)
“—:0 | .’Ztan—t—»secz—t-
ol ; R SR
22 = _qasintt <2 15 2
Now dt 2 tanz(—t).
. | 2)
a + =
B o =_—qsint+ =T
casintt Tt sin t
o og
2 sin 2 2
2
. {
a(l - sin’t) _ 2%
v E T sin't
s sin t '
Hence from (- '
| | W2 geostty
i a sin t- )
|

Required ared = : .0

e G
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Lengths of curves (Rectification)

s ength of arcs of curves. If s v
e length of an arc of the curve 1
ﬂ\) measured from a fixed point

\('1 b) to @ point B(c, d) on it, then

S0 thats— J.\[l'*‘——

of curve is in polar from 1 = f (0) then the length of.

A(ry, o) to B(r,, B) is given by
tion dx —dr, dy—-> rd8j

't the equation

se curve 1 = f(6) from point
[Hint : In Cartesian to polar transforma

= -+ | 5 so that s = er +(gg) do;

b ds
(iti) 0
| _ 2
g o 2
% d rdo) g
™ " J‘\/;L(dr]d
o . N T
If the equati o of curve is in parametric form x = fl(t) y £, then ‘
quation of curve 18 === 22
o th I oY () g,
sc that 8 = 4 L ot

i » . )
. ,(v) dt d(dt) St/ . f

L e
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B0

~ S rhe ORIN ‘N = *l = 0§ G\%
B b 3, Find e panaw *“k‘r\\imm
ey (GRR 10y

{]
7 &

Solution. The cardiold ©= a1 = 0N RARN
symmetrical about fitial B, -

o=

We have = asin 8, d

W «» ¢

Length of cardiold dex
=2 ane QAC LA

TR R Y lr»mmc-“.s'\'

i o

o t“\%“}} a0

**:;f nc \l»u\\m' . m t\Ttlﬁ

_— J'\;u . m\%m; mm " nm m«m
0

-2 ]Jﬁu Toh
{
e $ ﬂﬂmw

_ i
" 4 fem U0
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~§x, y + 0Oy) be two T‘Yl B -
neighbouring points of arc | | R |

| perpendnculars to QM and

,revolntion of area AKNPA

_ A/
volumes and Surfaces of Solids of Revolution

8.1, Volumes of Solids of Revolution.

Theorem. The volume of the solid generated by the revolution, about
the x-axis, of the area bounded by the curve y = f(x), x-axis and the ordinates

x =D, is Iﬂ:y dx

Proof. Let AB be the curve given by y = f(x) and AK and BL be two
given ordinates X =a and x = b.

Let (x,y) and Q (x + | | / '

AB. From P and Q draw PN

and QM perpendiculars A/S | —
on x-axis. From P draw | i =P
pS and from Q draw QR | ¥ Al . i e

PN produced respectively. s
Let the volumes of |
the solid generated by the

. Q K N M L X
and AKMQPA about the T,

- x-axis. be Vand V + oV respectively. Then 8V is the volume of the solid
, generated by the revolution of area PNMQP about the x-axis.

~NowPN=y, QM~=Y + By and NM = &x..

. Volume generated by revolving the area PNMS
Tty25x and volume generated by revolving the area RNMQ

C=ply + Oy e o
~Now-8V, i.e. volume oenerated by revolving the area PNMQ, lies

-‘bEtWeen the volumes generated by the area. RNMQ and PNMS, i.e.,

8V lles between n(y + Sy)*dx and my* 8x
' av

‘_'-“OT lles between TE()’ % 5)’)2 and “y

X
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revolution is the line x = a, then

[ntegral Calculus

144

P, i.e. d
In the limiting case when Q yP,

v _ 2
ax ny~=.

_ et required volume
Integrating between x = a and X = b, we get req

¢ 2
V=n fy dx.
= f(y), the Ii
Remarks. ‘(ia) If the area bounded by the curve X = f(y), the lines

- - of the solj
y =c, y = d and y-axis is revolved about y-axis, then volume of the solid

thus generated is given by
d
V=n [x2dy.
(ii) If the area bounded by y=c,x=a,x=b and y = f(x) is revo.lved.
about y = ¢, then volume '
generated is given by
b
® f(y - ¢ dx
(iii) Simflarly if the axis of

the volume generated is

d »
: Trf(x ~a)’dy.
(i\’/:) If the axis of revolution

is a line AB, whose equation is -
y = mx + ¢, then perpendicular

PR upon it from the point P(x,y) O
of the curve is |
Yy—-mx-—c

1+ m? .
'The volume tHus generated AL
 =n [(PR)’RS ML L
= ' [(PR)?d(AR)
_ffy-mx-c| CR
L > (dx)” + (dy)? .

I+m
where the limit of integration extends from A to B.
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volume generated - e mitial line, thep e

B
lzﬂj‘yzdx

= J.yzi’f—de

= J-(rsine)z-(f—e(r c0s)d0,

where a, 8 are the values of § corresponding tox=aandx =b.

(./') The volume V generated by revolving parametrlc curve X = f,(t),
= f,(t) about x-axis is given by |

t2
e zdx
V=m it —dt
¥
Y
-7 [(fo) T,
f

where t; and t, correspond to x=aand x =b.
Example 1. Find the volume of the sohd oenerated by the revolution
3
a

~of curve y = m

Solution : The equation
a3 : ' AY

@%+x%)’

about its asymptote. £a |GKP, 1999j

ofthe_ curve is I

or, Xy =2a"@a-y)

~ The equation of asymptote

isy =0 i.e. x-axis and the curve |
s symmetrical about y-axis. S0
~ the volume V' generated by

e e‘J{)lvmg the -curve about X-
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0 6

: " J a
== .—.TI 2
(a2 +x2 )*

0
Putting x = a tan 0, dx = @ S€€

2

B /j___,_,_e_d.@._
=Za T

; at(1 + tan’ 0y’

dx ..

29 do, we 8¢t

3 n/2
2
= 2a3n J‘sec ede = 2a°n *J-COS 6 do
sec? 0 0

= 9 3,_—l—_-—7ta3-\/‘\/——’7[

e volume of the solid obtamed by the revolution
[GKP, 1996)

-axis. The curve passes

n/2

| Example 2. Fmd th
of cissoid y2(2a — x) = x3 about its asymptote.

‘ ~ Solution. The curve is symmetrical about X

through the origin and y? = 0 is tangent at Qrigi‘n, i.e. and on‘gin- is a cusp.

' The asymptote is x = 2a. | |

If P(x, y) be any pomt on the curve and PN is perpendlcular from P

on the asymptote, then -

| PN =2a - x. 4y
| Hence the requxred volume
=q I(Qa—x) dy
2a y
=21 {(2a - x)* =
| | f( a-—Xx) T dx
0 N .
- The equation of curve is
x3
b2 S I,
e (Za ~.x)
(2a—\)3x +\3
‘2y =ri=re
T
x »d.-~ o Fo P 5
e dy L bax® -ax? 2%Ga-x)
J@a=x) dx gy (2a x)2
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or de  (2a-x)7<
2a

.M (3a - x)

Volume = 27 =" %)
(2a - x)3/2 ox

=1

2a ,
an ‘X)\Kz_a ~ X)X dx
0
/2

=2% I(3a~2a sin B)Hcoseﬂ

$in 4a Sin@ cos do |

putting x = 2a sin2 0, dx =
2
. 16a I(3 sin 9cos 6 -- 2 sin* 6cos G)dB ‘2a3

4a sin'G cos 0 do

‘ (usmg Walli’s . fqrmula) ’
Example 3. Find the volume of the solid generated by revolutxon of‘

) i t .
the tractrnx X=acost+ 5 log tan S.y=a sm_t about it,s asymptote.

Solution. The equations of the curve are

: o e . T _
Xx=acost+ Elogtan S.y=asint L (i)
The curve is symmetrical about both the axes and y =0 is asymptote

of the curve. The shape of the curve is as shown in the figure.

From (i). we have

dX., ; a 1. t 5

N .

¢
T i o= 2tan—.sec’ —. =
L N R Rl vy
. ¥ G
c=-asint+ 1
2 sin— €0S—
2 2
R a
=-asmt+ ——
"2 sint
_ acos”t
| sint
24 - The required volume
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T
2

3 J.sin t.cos? t dt

2ma
2mad
3

Example 4. Find the
volume of the reel generated

Il

=,

i

N3

Y

by the revolution of cycloid

© x=a(t+sint), y=a(1 - cos t) about
the tangent at vertex.

— Solutlon Here vertex is orlgm and
from 0 to A, t varies from 0 to m.

—

The required volume

=2 x volume generated by

about x-axig

n,

2 dx

=27[ y-—-dt |

0
T

=27 a2(1
0
T
= 2ma3 f(23m2 L
0
=
2

0,

5 -

= 3273 Is_i;{‘ 0 tos i

)

0

tangent at the vertex is x-axis. Also

reyolution of the area OACO

= cos 1)* a() 4 Cos t) it

2cog? .1
2) 3 dt -

> " . ] t A ] :
- [putting — = 6]
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gxample 7. Find b 155
the volume of the solid / e

mmatcd by the
cevolution of the cardioid
= a(l + cos 0) about 0=
the initial line.
Solution. The

2N
= Ir sin 0 dO

2n
3

|\

0

3

ja (1 + cos0)° sde()
0

_2ﬂ3
-3 jtdt

: ‘ 2
21’(33 14_
3 4

0

e ;

ma 4
—.2" =
6 3

[putting I + cos 6 = t, —sin 0 dg = dt]

I

~ Exercise 8.2

1. Show that the volume of the solid generated by revolving the

lemmscate 2 = a2 cos 20 about the lme 0= iz is r'a
2 42
7. Show that the volume of the solid generated by revolving the

ra

lemniscate r2 = a* cos 20 about a tangent at the pole is i

<

: T
3 The arc of cardoid r = a(l + cos 0) specified by =5 <p <

is revolved about the line © = 0. Find the volume thus generated.
' 4. Find the volume of anchor-ring generated by revolution of a
circle of radius a about an axis in its own plane distant b from the centre

Whe’ni b > a.

8.4 Surfaces of solids of revolution.
Theorem. The surface of the solid generate h ey
, , )

* x-axis, of the area bounded by the curvey = f(x), the ordma =

o a

d by revolution, about the
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156 Integral Calculus -

' b ’ ' arc meas
X = b, and x-axis, is equal to 27 I y ds, wher e's s the length o ’ e
A X = a.
from some fixed point A to any point (X, y):
Proof Let BC be the

position of the arc of the Y | , {
curve y = f(x) included S :
between the ordinates x = a p : /
------- R
~and x = b. Here P(x, y) and :
Q(x + 8x;'y + 8y) are any two ' /
neighbouring points on the
arc BC. From P and Q draw
PN and QM perpendiculars
on x-axis. PR and QS are -X=4a
perpendiculars from P on
QM and from Q on NP

produced respectively. | D N M E X

Let arc AP=s and arc
PQ = 8s. Let the area of surface of the solid 0enerated by the revolutlon

of arc BP and BQ about x-axis be denoted by A and A + §A respectively.
Then 8A is the area of surface generated by revolution of the arc PQ about
X-axis. |

Also the lines PR and SQ generate cylinders when they revolve about
x-axis and the area of curved surface of these cylinders are 2ny8s and
27(y + 8y)8s respectively, because P and Q bemg two neighbouring points,
we-may take PR, SQ and arc PQ equal,

Also the surface generated by revolutions of arc PQ lies between these

two surfaces, i.e. 8A lies between 2my8s and 2n(y. + 8y)ss, i.e. SA/Ss lies
between 2nty and 2n(y + Sy). ' o ,

In the limit wheh Q—P, we have

dA .
& =2my or dA =2myds,

lntegratmg from x = a to x = b, the required surface s
x=b :
2n f yds

* Remark. (i) The surface of the solld generated by revolvmg about
y-axis the area bounded by the curve X = f(y) the y axis, and the lines
-'y—cy dlsequalto :
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volumes and Surfaces of Solids of Revolytion

_ 157
o d
I I x ds _.
y= Cc
- (i) If the equation of curve is in the parametric forum x =
= £,(0) and the curve revolves about axis of x, thep surface of:}(; ﬂ('t), y
revolution is equal to | ® salid of
o B B
on J' y ds =2n jfz(t)édt
dt
t=a Qa
“’ 2 aT
= £ (t dx dy )
21 jz( ) {(dt) +('dt dt
where o and- B are the values of t corresponding to the values x =

. aand
x = b respectively. '

~ (iii) If the equation of the curve is given in polar form, then the area
of the surface of revolution about the axis of x is

R _
2n [y ds = 2m J rsin 6—3—%(]6
0=a
B

= 2% J (r sin. 0) \/{rz + (%)2} de,

where o and B are vecfor_ial anglestcorresponding to x = a and x = b
respectively. | | |

(iv) If the curve revolves about any line, which is not one of the axes,
then the surface of the solid genraied is

2n [PN ds
whete'P is any point on the curve, A is D
.any fixed point on the line AB, and PN
is thg perpendicular drawn from P to
AB and s i the length of the arc CP.
‘ ‘ ‘Example 8. Find the surface of ¢
solid formed by revolution about
X-axis of the loop of the curve -
X=q y=t —'%—ti‘ about X-axis. | -
7 [GKP,1996,991 A

Scanned by CamScanner



f+t]z [+

For the loop t varies from 0 to J_

The required surface

N
wl» oy
"~ T
o | |

R
N o
i
| o
| I |

= 3. .
- Example 9. Prove that the surface of the sohd generated by the

1
revolution of tractrix x = a cos t + — t
oS t 5 a log tan2§ y = a sin t, about the
asymptote is equal to the surface of g sphere of radius a. IGKP, 1997]
) ¥
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volumes and Surfaces of Solids of Revolution | s
4 l .

Golution. ‘The given curve is

1 1 st
x =acos t+ >alog tan X
y=asm t. |
The shape of the curve is as’ shown in the figure.
Here
: 1 1 t
éx__ =_—gsint+ za- 2tan—se __l
. . 2
N
ST 2 -sin cos'i -
a 2 2
= -a smtf 's‘ﬁ
a(l—-sm t) acost
~ sint ‘ sint ’

dy
amd — = a cos t.
and i

) --2' 4
& de). dt) | Y| sin? t

: | 0052 t+'si1_12 t )
- a' cog’ sinft
acost
sint
The asymptote of the

curve is x-axis.
The required surface
=2 x Area of surface’
generated by the portlon of

curve in a quadrant
nf2 :
=2 x2n I y ds
. Ct20
T2, )
=4n j asint ds dt
=g O
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