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Poinsot's Central Axis, Wrenches,
Nul Lines and Planes

1. Poinsot’s Central axis

We have seen in the preceeding chapter that any system of fo
acting on a rigid body can be reduced to a force R acting at any point O at
a couple of moment G about a line through O. —-

Now, we will show, that any system of forces acting on a rigid ba
can be reduced to a single force together with a couple whose axis is alo

the direction of the force.

A,
B ‘; -
R L G \A_/ Gcos©
) Ay £ .
O R A . /) =
/,/ : ¢ I”’ ° \ C
D~ //’01 R G sinl
' D

Let OA be the direction of R, OB the axis of the couple G and
Z£AOB = 0. The direction cosines of OA and OB are given by )(;R, Y
Z/R and L/G, M/G, N/G respectively. Thus, the angle 0 is given by

XL+ YM+2ZN

cos 0=
RG
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POINSOT’S CENTRAL AXIS, WRENCHES, NUL LINES..... 13

In the plane AOB, draw OC perpendicular to OA, and draw OD
perpendicular to the plane AOC. The couple G about OB as axis is
equivalent to a couple G cos 0 about OA as axis and a couple G sin 6 about
OC as axis, which acts in the plane AOD, and may therefore be replaced by
any two equal unlike parallel forces of moment G sin 6. Choose for one of
these two forces a force R at O in the direction opposite to OA. Then the
other force must be equal to R acting parallel to OA at a point O; 1n OD,
such that
_Gsinf

R.00, =Gsin 0, or 00, R

The forces at O balance each other A A

and the axis of the couple G cos 0 -
may be transferred from OAt0 O, A|. G cos B R

Thus, finally we have a force 0 C
R along O,A, and a couple of mo-

ment G cos 8 about O, A, as axis. - 0

This axis O1 A1 is called Poin-
sot’s Central Axis.

Def. Any system of forces acting on a rigid body can be reduced
to a single force passing through a point O and a couple whose axis passes  *
through O. This single force R and couple G canbe changed in such a way
that the axis of the couple is along the direction of the force, then this axis
is called central axis. &

2. Some definitions

Wrench. A single force R together with a couple K whose axis
coincides with the direction of the force are taken together, called a Wrench.

Pitch. The ratio K/R, viz the moment of the couple divided by the
force, is called the Pitch and is a linear magnitude.

.. When the pitch is zero, the wrench reduces to a single force. When
the pitch is infinite, the wrench becomes a couple only.

. Intensity of the wrench.  The single force R is often called the
intensity of the wrench.

. Screw.  The straight line along which the single force acts when
consx@ered together with the pitch is called a Screw, so that a Screw is a
definite straight line associated with a definite pitch.
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3.  Condition for a given system of forces to compound into a sing

force
We know that a number of forces acting at different points of a rig;
body canbe reduced to a single force R acting at any arbitrarily chosen poi

O and a single couple G. _;
Let OA be the direction of R and OB be the axis of the couple G. ]

O be the angle between the axis OB B
of G, then R is equivalent to a. A
force R cos 0 along the axis OB of G

R cos O

the couple and a force R sin 6 in the

plane AOB perpendicular to OB. R sin © . C,
Ty RsinB
But we know that the plane C pae ~=--ZDp

COD of the couple G is normal to R sin 6
the axis OB of the couple G, which /é"",_'—/ O,

can be replaced by two equal and ’
unlike forces R sin O in the plane

COD of the couple, one can be taken
opposite to OC in the direction OC, and another in the direction O, E, whiclll

is parallel to the force along OC and acting through O,, where OO, 3
(R sin 0)/G. The forces R sin 6 at O balance each other. So, we are left witl
one force R sin 0 along OIE, which does not intersect the force R cos 6 ai
O. Thus, the force R cos 8 acting at O and R sin 0 acting at O,, can not be
combined in a single force. |

- But, if Rcos 6=0i.e, if cos 0 =0, then we are left with a single
force R sin 6. Hence, 6 must be 90°. The angle 8 between the straight line
OA and OB, whose direction cosines are X/R, Y/R, Z/R and L/G, M/G
N/G are given by

cos 6= E(Lﬁl_vl_i,zw ' |
RG |

‘N an® L
[f 8 =90, then XL + YM + ZN =0, which is the condition for the systerl
of forces to reduce to a single force. i

4. Invariants

For any given system of forces, the quantities X2+ Y2+ 7% and L)
+ MY + NZ are invariants, whatever be the origin, or base point and axes.

2 2 ,
We }mow that X“ + Y + Z?% is the square of the resultant force F
corresponding to the central axis, whicl is unique for a system of forces
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POINSOT’S CENTRAL AXIS, WRENCHES, NUL LINES..... 15

therefore, X% & Y2 +Z2 1S an invanant,

We know that the direction cosines of the resultant force are X/R,
Y/R, Z/R and that of the axis of the resultant couple are L/G, M/G, N/G

then the cosine of the angle 0 between the resultant force and the axis of the
resultant couple is given by

COSO:XL+YM+ZN
RG
or XL +MY +NZ=RG cos 6=RK

where K is the moment of the couple about the central axis.

Hence, I=LX+ MY + NZ is an invarant.

5. Equation of a central axis

Let Q be any point having coordinates (&, 1, &) referred to the axes
Ox, Oy, Oz. The moment about a line through Q parallel to Ox is obtained
by putting x, —&,y, —m,z, - { inst.ead of X, ¥,.2 .in the expression for
the moments L, M, N as the coordinates of any point P (X}, ¥, 2,) are

changed to (x, — &, y, —m, z, — ) due to the shifting of the axes through Q
parallel to the original axes.

Hence, the moment about a line through Q parallel to Ox axis is

Z{(yl _TI)Z] —(Z, “”Q Yl}:“:(ylz] —Z Y])—ﬂ221+CZ Yl
=L-mZ+EY=L'

Similarly, the moments about the lines through Q parallel to Oy and Oz axes
are

(2, - 0X, ~ (%, ) Z;} =M - CX + EZ =M
and 2{(x, = E)Y, — (¥, ~M X, } =N-EY +X =N’

Also, the components of the resultant force are the same for all points
such as Q, and are thus X, Y and Z.

If Q be a point on the central axis, the direction cosines (L'/G’, M'/G’,

N'/G") of the axis of the couple corresponding to Q are proportional to the
direction cosines (X/R, Y/R, Z/R) of the resultant force. Hence

L' _ M _N
X .Y . Z
i L-nZ-CY _M-CX+EZ_N-EY+nX
X Y A
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These ratios are also equal to
_LX+MY+NZ K

Xt Yot Zhizs B

Hence, the equation of the locus of the point &, m, ©) ie., the required
equation of the central axis, is

L-yZ-zY M-zX+xZ_ N-xY+yX_ K
- B R

X Y Z
= the pitch p of the wrench.
Exp. (5.1) Equal forces act along the axes and along the straight
line
x—a_y-p_z-y
- /! " m  n’
find the equations of the central axis of the system. (Gkp.'03,05)
Sol.  Let the three equal forces P 4 D <
be acting along the axes Ox, Oy, Oz and a %Vq
force Pbe acting along the given line which P ?»@”

passes through the point A(a,B, y) and has
direction cosines /, m, n. So the components (@) A)P =
of this force along the axes are P/, Pm, Pn. //P

Thus, the components of the resultant force

are g
X=P+PI=P(1+l), Y=P+Pm=P(1+m), Z= P+Pn=P(1 +n)

In order to find the couple of moments L, M, N, we shall write the
coordinates of points of application in one row and the components in
another row, then we can find L, M, N easily, that s,

0, 0,0 00 00,0 0 o« Pp, v
P, 0,070, B 070, 0, P> p; pm,

- L=0-0+0-0P+ 0P—-0+B.Pn—yPm=(Bn-ym)P
M=O.P—0~+O—O+0—0.P+y.PI—aPn=(-yl—an)P
N=0-0P+0P-0+0-0+a.Pm—pP/=(am—pl)P

Substituting these values in the equation

L-yZ- .
‘%ZY:Mi\’,iﬂ:w
we have Z
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POINSOT’S CENTRAL AXIS, WRENCHES, NUL LINES..... 17

(Bn—ym)P—yP(1 +n) + zP(1 +m) _ (y/ — an)P— zP(1 + ) + xP(1 + n)

P(1+1) P(1+ m)
_ (em —BHP — xP(1 + m) + yP(l + /)
a P(1 + n)
[3n—7n1'—y(1+n)+z(1+m)_yl—om—z(1+l)+x(1+n)
o a+1y (1+ m)
—om—-Bl-x(1+m)+y(l+17)
(1+n)

Exp.(5.2) Forges X, Y, Z act along the three lines given by the
equationsy =0,z=c,z=0,x=a,x= 0,y =b; prove that the pitch of the
equivalent wrench is ‘

(@YZ + bZX + cXY) |
P+Yrizhy
If the wrench reduces to a single force, show that the line of action of the
force lies on the hyperboloid (x — a) (y — b) (z — C) =XyZ.

Sol. These three lines can be wriiten as

Xx-0_y-0_z-c x-a_y-0 z-0 x—0 y-b z-0
10 0> 0 I 0’ o0 0o 1

So, the force X is acting along a line parallel to x - axis from the point
(0,0, c), the force Y is acting along a line parallel to y - axis from the point
(3,0, 0) and the force Z is acting along the line parallel to z - axis from the
point (0, b, 0).

The three component couples are

0, 0, c a 0, 0

O,
X, 0, 0> 0 0 0

b, 0
, 0, Z°
L=O—0.c+0—‘O.Y+b.Z—-O=bZ
M=cX-0+0-a0+0—-0Z=cX
N=0-0X+aY-0+0-0b=23Y

The pitch p of the resultant wrench ;s given by LX +MY + NZ. On

X2+ Y24 Z2
Substituting the above values in this expression, we have
p=bZX+cXY+aYZ
X+Yiez?
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 If the wrench reduces to single force (i.e, LX+ MY +NZ=0), @

equations of the central axis become
L-yZ+zY M-zX+xZ N-xY+yX
x - Y - z -0

m . - ]
- substituting the values of L, M, N in the above relations, we have
(i) BZ-yZ+2zY=0, (i) cX-zX+xZ=0, (iii) aY—xY+yX=

From (i), (ii) and (iii), we have
- Y y—b _
v =17 @ Z-z=f W %P

In order to find the i ' ' »
_ equation of the surf: i i 1 "
' , S Sauation of | su’ a.ceonwhlchthehneofacmuof

From (iv) and (v), we have
(vii) Y Y Z_y-b z-c

On multiplying (vi) and (vii), we have
X Y x-ay-b z-c

Y Xy z X
or xyz=(x—-a)(y—-b)(z—c).

This is the required equation of hyperboloid:
Exp.(53) A force Pacts alorzlg the axis of x and another force nf
along a generator of the cylinderx”+y" = a?, show that the central axis lief

on the cylinder :
n? (x—22+ A+ D)y =n'a" (Gkp.'06,09

Sol. The two forces P and nP z
are acting along x - axis and the gen- A
erator to the given cylinder x2 + y2 = < ‘ >
az, respectively. The generators of the
cylinder are parallel to z - axis, and let
(a cos 0, asin 6, 0) be a point on the lnP
cylinder, then the equation of the gen-
erator can be taken as O

z—0

x—acos® _y—asin®_z=2
0 0 1 y

(a cos 6, asin
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POINSOT’S CENTRAL AXIS, WRENCHES, NUL LINES..... 19

The components of the resultant force are P, 0, n P.

Here, we have

acos0, asinf, 0

0,
0 0, 0, nP’

0
0’

Hence,
L=0-0+nPasin0—-0=anPsin®
M=0P-0+0—-anPcos® =—anPcos6
N=0-0P+0.acos0—-0.asin0=0 and X=P,Y=0,Z=nP.

Substituting these values in the equations, we find the equation of central axis.

L—yZ+zY:M—zX+xZ_N——xY+yX

X L' Z ’
we have
anPsin® —ynP —anPcos®—-2zP+xnP 0-x0+yP
P B 0 T~ P
n(@sinb-y) —ancos@—-z+xn_y’
or = =L
. 1 0 n
Therefore
Xn—z=ancos 0
or
6] an® cos 0=n (xn —z)
on taking first and third ratios, we have o
nz(asine—y)=y
or
(ii) n*asin@=y (1+nd.

On squaring and adding (i) and (ii), we have

a2 n4=y2 (1+ n9)? + n (nx —z)2
Exp. (5.4) Three forces act along the straight lines x =0,y —z=

4,Y=0,z—x=a; z=0, x —y =a.Show that they cannot reduce to a couple.
(Gkp.'02)

Prove also that the system reds..;:s to a'single force its line of action

must lie on the surface )(2 + y2 + Zd" —2yz—2zx — 2 xy =az.

Sol. Let the three forces P, Q, R be acting along the lines x =0,
Y~z=a, y=0,z—x=a; z=0, x —y =a respectively. The coordinates
of the points, which lie on these lines can be taken as (0, a, 0), (0, 0, a),

-
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20 MECHANICS

(a, 0, 0) from these points the forces P, Q, R are acting, The direction COSi
of these lines are 0, 1/N2, 1/N2; 142, 0, 1/42; 142, 1N2, 0. respectlveL
The components of these forces along the axes are 0, P2, PA2; Q/‘J2I
QA2; RA2, RAR2, 0. |

Thus, the components of the resultant force along the axes are i

S

Q R -Q+R i

X= O+«j_ No) 7 ’(
& P+R

Y= \l——/+0+ _\/._ E

_ P . Q ,_P+Q |

Z \ff+\f5+0 Ny )

1

Then the square of the resultant force is given {(Q + R) +{P+ R) + (P
Q) }/2 which can not be zero unless P, Q, R are zero. Hence, the systé
cannot reduce to a single couple. '

On writing the coordinates of point of action and the componentsl
the forces in the following manner, we can easily calculate the couplel
moments about the axes. |

|
!

0, a O 0, 0, a a, 0, O |
o B P Q , Q@ R R |
> 67 ﬁ: \/_2?’ _\j§ _JE’ \/53

Thus,
| L=aPN2—0PN2+0.QN2 - 0.a+0—0RAN2=aPN2
M =0 - 0.P/N2 +aQ/\N2 - 0.Q/N2 + 0.RN2 —a.0 =aQ/\2
., N=0PA2—-0.a+0-0.QA2 +aR/N2—-0RN2=arR/A?2
.Substituting these values in the equations =
L-yZ+zY M-zX+xZ N-xY+yX
X B Y N Z

we have

aP/V2— y(P+ Q)/N2 + z(P + R)/\2 . !
(Q+R)/\2 ‘

_ aQ/N2-2(Q+ R)/ V2 + x(P + Q)/\2
(P +R)/\2 i

_ 8R/2—x(P + R)/V2 + y(Q+ R)/2
P +Q)/\2
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.or QEY+Z)P“5’QLZR=XP+ a—‘z+x)Q-zR

P+R
=*>€1’+yQ+(a—x+y)R_o
P+ =
Since the system reduceg v e
vanishes. Thus, to a single force that 15, the moment of the couple

(a~y+z)P—ryQ+zR=0
xP+(a—z+x)Q—zR=0
—XP+yQ+(a-x+y)R=0
Eliminating P, Q, R from the above equations, we have
+

'a—y+z -y Z
! X A—Z+X -7 =0
J —X y a-x+y
)_1. A-y+zZ+X a-y-z+x 0
or 0 a-z+X+y a-x+y-z =0
TR y a—-x+y
(R1+R2’R2+R3)
a—-y+z+x -2z 0
or 0 a—Z+X+y a-x+y-z|=0
—-X Xty a—-X+y
(C,-C)
a+x—y+z -2z 0
ki 0 2x a-x+y-z [=0
-X 2x—a a—-x+y
(CQ—C:;)
a+x-y+z ,—2z 0
3°r 0 2X a-Xx+y-z|=0
—X —a z
R;-R,)

Expanding along the first row, we have
(@+x—y+z){2xz+ta(@a—-x+y-2)}-2z{—-x(@a-x+y-2)} =0

O 2axz+2xz(x—y+z)+a @+X-y+z)-ak-y+z)(@a+x-y+2)
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22 MECHANICS
+2xz(a—x+y—-2)=0

or 2axz+ 2xz(x — y+z)+a +a(x y+z) a(x y +z)
—a(x— y+z) +2axz—-2xz (X -y +2z)=0_

or a’—a(x —y +2)* + 4axz=0 j
or (x—y+z)2—4xz=a2 J

|
or X +y2 +27— 2xy — 2yz —2xz= a’. |

Exp. (5.5) A single force is equivalent to component forces )L‘
and Z along the axes of coordinates and to couples L, M N about the axa
show that the magnitude of the single force is (X + Y2+ 72 ) and thattl
equation to its line of action 1s

yZ-2zY zX-xZ xY-yX

L =M - N b (Gkp.'l

Sol. A single force is equivalent to component forces X, Y, Z alot
the coordinate axes; hence the magnitude of the resultant force will |
(X2 + Y2+ 22)1/2. But it is given that the system reduces to a single forc

Therefore,
(1) LX+MY+NZ=0.

Now, the equations of the central axis of the system are

L - yZ+zY M- zX+xZ N-xY+yX _LX+MY +NZ —0
= Y Z X2+ +ZP
(due to

Thus; «
L-yZ+2zY=0, M-zX+xZ=0, N-xY+yX=l
which gives |

yZ-zY _ | 2X-xZ_,  xY-yX_,
L - 4 M - % N —

1
and hence the equation of the line of action of the single resultant are j

yZ-2Y zX-xZ xY-yX
L M -~ N

=1.
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6. Resolution of a system of forces in two forces

Let Oz be the central axis of a given system whose resultant force R
acts along Oz and resultant couple K has Oz as its axis.

Take any two points A and B v D C .
on a line through O perpendicular to i + R |
Oz on.opposite sides of O, such that 5/ Q ?*—/ P\
OA=aand OB =b. '

_ B b 0 a A
Assume that the given system

1s equivalent to a force P acting
through A in a plane perpendicular to '

OA at an angle 6 with Oz and a force Q acting through B in a plane

perpendicular to OB at an angle ¢ with Oz. Let 8 and ¢ be measured
positively in opposite direction.

Then, according to our assumption, the resultant of P and Q along
Oz and perpendicular to it must be R and zero respectively. So,

(6.1) R=Pcos 0+ Q cos ¢
and
(6.2) 0=Psin 0 —Qsin ¢.

Similarly, the resultant couple about these two lines must be K
andzero.

(6.3) K=Psin0.a+Qsin¢.b
and
(6.4) 0=Pcos©.a—Qcos ¢. b.

On writing equation (6.4) and (6.1) in the following form,

aPcosO-bQcos¢+0=0

y
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Pcos0+Qcos¢—R=0

we have

Pcos8 _Qcos¢ _ 1

bR =~ aR a+b
or

P 0 s R
65) cos =Qc9 43=

b a a+b

Similarly, from the equations (6.2) and (6.3), we have

. K
9= __K
(6.6) Psin8=Qsin¢ At b
From (6.5), we have
(6.7 Pcose=g%, Qcos¢=—a%f_{g.
On squaring and adding, we have
: k24 b2 R2 2. 2n2
p? = +b"R 2_K"+a"R
(a+b)? (a+b)?
_K _K
and tanG—bR, tan ¢ R

For a set of values of a and b, we can obtain real values of P, Q, 0

and ¢. Thus, the forces P and Q can be obtained in an infinite number of
ways, by choosing a and b in infinite number of ways.

From (6.6) and (6.7), we have
KRa=(a+ b)2 PQsinBcos¢, and KRb=(a+ b)2 PQ cos O sin ¢.
On adding these two, we have
(6.8) KR =PQ (a+b)sin (06 + ¢)

Let AC, BD represent P, Q in magnitude and direction.
The volume of the tetrahedron ACBD

= « Area of the AABC x perpendicular from D upon the AABC

=§ x; AB.AC xBDsin(B+¢)=% PQ(a+b)sin (0+¢)
’1'; KR (by eq. (6.8))

and it is therefore constant.
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Exp. (6.1) If P and Q be two non-intersecting forces whose
directions are perpendicular, show that the distances of the central axis from

their lines of action are as Q* to P~ (Purv.’90)
Sol.  Let the two forces P and Z

Q be acting along AC, BD which are D C .

perpendicular and do not intersect each i '\‘t/ :

other. AL K PR 0
Suppose their central axis is Oz ©%

and resultant is R and resultant couple B b o a A

1s K. The distance between O and A is
aand between O and B is b.

Now, resolving P and Q along Oz and perpendicular to it, we have

(1) R=Pcos®+Qsin®
(1) 0=PsinB8—-Qcos0

and for couple K, we have

(1i1) K=aPsin 8+ bQ cos 9
(1v) 0=aPcos 8 -bQ sin6.
From (i1) and (iv), we have
Psind _ 1 or sind _ Q ‘
Qcos 6 cos P
aP cosO sin@ aP
and — =1 or S =
bQ sin 6 cos8 bQ’
then, from these two, we have
2
-5 - 2
Q p*

_ Exp. (6.2) Show that the minimum distance between two forces,
which are equivalent to a given system (K R) and which are inclined at a

: 2K
given angle 2a, is R °cota, and that the forces are then each equal to

1
3 R sec a. (Gkp.'01)

_ Sol. The system is equivalent to a single force R along Oz and a
Single couple K about Oz

Resolving the forces along the axes z and y, we get

m
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1)) R =P cos 0+ Q cos (2a —6)
and -
(ii) 0=Psin6—lein(2a—9) v ot S1Q

A\

Also, taking moments about Oz and Oy, »
we get B |

(i) K=Psin®.a+Qsin(2a—0).b

y

and

(iv)  0=Pcos6.a-bQ cos (2a —6)

From (i) and (iv), we have

_ Pcos6 _Qcos(2a—6) - R

N a b a+b’
and from (ii) and (ii1),.

. . K
(vi) Psm9=Qsm(2a—9)=;-+—6.
From (v) and (vi), we have
tan 0 = K a= L cot 0
: R’ R
_K _K _
btzm(?_oc—(f))—R b Rcot(Za‘ 0)

Then, a+b=§{cot9+ cot (2a — 0)}

_K {cos 0 sin (2o — 0) + sin 0 cos(2a — 6)
R sin© sin 2 a. — 6)

_2K sin 2o
R " 25in0 sin 2a—0)
(vii) _2K sin 2

R " cos 2(a — 6) — cos 2a

Except cos 2(a — 0) all are given, so we have to make this maximum for the
quantity to be minimum. So,

cos2(a—0)=cos0 or 2(a—0)=0, a= 0.

Substituting © = a., in (vii), we have

, _2K 2sinacosa
1-1+2sina R = 2gjp?

2K sin2a 2K sin 2a
atb= . =
: R "1-cos2aa R

(0
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_2K
= i cot c.
From equation (vi), we have
Psin a:Q sin(x:_I(_B_
2K cot o

_R
P=7.seca=Q

So, each of the forces are 1 R sec a.

Exp. (6.3)  Show that a wrench, of which the force is R and the

+ pitchis @c may be replaced by forces inclined at an angle 26 to each other,
the shortest distance between them being 2c, and that their magnitudes are

%[J(H @ tan 0) £ ¥ (1 — @ cot 0)].

Z
Sol. Let the wrenchbe (R, Rac), ,° D oo

which is equivalent to two forces P, Q in- @ AR :
4 K |
clined at an angle 26 with each other. Let : Q =< . P\%

the direction of P make an angle a with the B e x /0 X A\
axis of z and that of Q an angle 26 — a with 3
Oz but in opposite sense. y

Now resolving the forces along the axes z and y, we get

(1) R=Pcosa+ Qcos (20— )
(ii) . 0=Psina—Qsin (20— )

Also, taking the moments about Oz and Oy, we get

(ii) Roc =P sin a. x + Qsin (20 — ). (2¢ —x)

(iv) - 0=P cos a. x — (2c—x) Q cos (20 — a)

The resultant of two forces P and Q is

v) R%=P*+ Q* + 2PQ cos 26
=P+ Q)2—2PQ+ 2PQ cos 26
=(p+Q)2—2PQ(1 — cos 20)
=P+ Q> —4PQsin” 6
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or |
(vi) ®+Q)?=R?+4PQsin’ 0
Equating (v) can be written as ‘
R2=(P—Q)2+2PQ('1 + cos 20)=(P—Q)2+ 4PQcos2 0
-or |
(vi) P-Q)}=R*-4PQ cos? 0
From equations (i) and (iv), we have
Pcosa Qcos (26—a) R
2c—-x X C 2’
that is
_R(2c—-x) v _Rx
(viit) (a) Pcosa = g T (b)) Qcos(26—-a)= 26

From (11) and (iii), we have

Psina:Qsin(ZG—a)=R5c

(ix)

1 1 2c
that is, R
x) (@) Psina = R_25 (b) Q sin (20 —a) = 529
Multiplying (viii)(a) and (x)(b), we have
(xi) P cos a. Q sin (26 — a) =% R*G (3c - x)‘
Similarly, from (viii)(b) and (x)(a), we have
(xi) P sin a.. Q cos (26 — o) = % sz X
Adding (x1) and (xii), we have
(xii) PQsin20=1R?G o  po=_R.O_

2 2 sin 20

Substituting from (xiii) in (vi), we have

2~ .2
2_52, ,R°0sin“0 _» ~
+tQ ' =R"+4———=R*(1+wtanb
E+Q 25in 26 (1+o )
or

(xiv) P+Q=R Y1+ tan 0)

Scanned by CamScanner



POINSOT’S CENTRAL AXIS, WRENCHES, NUL LINES..... 33

Similarly, from (xiii) and (vii), we have
P-Q=R(1-a cot8).
Consequently,
P= %R{ V(1 + @ tan 8) + V(1 — & cot 6)}
Q= ZR{(1+@ tan 8) - V(1 — & cot 0)}.
Thus, the two forces are given by
| ZR{N(1+ @ tan 0) £ V(1 - & cot 0)}.

7. Resultant wrench of two given wrenches

angle between them.

_ Suppose that the required central B c—* /o
axis Oz is perpendicular to AB, and di-
vides it into parts x and ¢ — x, and is
- inclined at © to AC, and hence a — 0 to
BD. Further, we assume that the resultant wrench along Oz be (R, K).

Let AC be the axis of one wrench D z
(R;,K,) and BD the axis of other wrench ! T, &A —R/
-(R,, K,). Let the shortest distance be- :‘F ’
tweenthese two axesbe AB=c,andacthe !s/ K, K
1
]

Now, resolving the forces along the axes z and y, we get

(7-1) R=R, cos 6 +R, cos(a—0)

(7.2) 0=R, sin®—R, sin (@ - 6)

and equating the couples along the Oz axis and Oy axis, we have

‘(7.3) K=K, cos 8 +K, cos (a—06)+R,;sin® x+R, (c—x)sin (0 — )

(7.4) 0=K, siné):K2 sin (@ —8)—R, cos 0 .x + R, (c—x) cos (0 — )
Substituting from (7.2) in (7.3), we have

_K=Kl cos9+K2cos (a—0)+R, x sin(a¥9)+R2(c—x)sin (0—a)

‘(7-5) K =,\"K1 cos 0 + K, cos (a —0) + R, c sin(a —8).
On substituting from (7.1) in (7.4), we have

°=Km~°*ine—Kz'sin(ot—9)+x(R2 cos (@—6)—R)+R, (c—x) cos (8~ )

-
i
£
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(7.6) =K, sin0—-K, sin(a—0) + R, ccos (0—a) —Rx
Squaring and adding (7.1) and (7.2), we have
7.7 R*=R,*+R,>+2R, R, cos o
The equation (7.2) can be written as
0=R, sin® —R, ( sin & cos B — cos a sin 0)
=(R1+R2co.<.;oc)s'm6—R2 sin a cos 0

from which we have

(7.8) sin 0 _ cos 6 _1
R sina R, +R,cosa R
.The equation (7.5) can be written as

- K=K,cos 6 + K, (cosa cosb + sina sin) + R, c( sina cos® — sinB cosa)
=K, +K,cosa+R,csina)cos 0+ (K, sina—~R, ccos a) sin @
which on substituting from (7.8); we have

RK = (K +K,cosa+R,csina) (R, +R, cos a) ,
+ (K, sina — R, c cos a)R, sin a

—R K, +R K cosa+R chsma+K1Rlcosa

‘T'KzRZCOS 0L+0R22 smacosa
+K2R251n o— R2 C sin oL COS oL

(7.9) =R, K;+R, K; + R, K,;+ R, K)) cosa+R1chsina_

This gives the value of the invariant for the given system of forces.

\
- S-S N SR

The equation (7.6) can be written as

0=K, sin6-K, sinacose+Kzsin9cosa

+ R, ¢ (cos 0 cos a + sin 0 sin a) — Rx
=(K,;+K,cosa+R, csina)sin6

+ (R, ¢ cos a — K, sin @) cos 6 — Rx.

Q) =+ = A = A~ A

N3

On substituting from (7.8), we have

R x= (K, +K,cosa+R,csina)R, sina+(chcosa—K25ind)

Scanned by CamScanner



POINSOT'S CENTRAL AXIS, WRENCHES, NUL LINES..... 35

x (R, +R, cos @)

=K,R;sina+K, R, sinacosa + 2(:si11201.+R1R,2a::cosar.
| —Rlesina+R22ccos a—K, R, sina cos &

(7.10) =(RQK1—Rle)sina-f-R,zc(R2+R1cosa)

Equations (7.7), (7.8), (7.9) and (7.10) give R, 6, K and x. Thus, we know
the required wrench and the position of the axis.

8. Resultant wrench of two given ferces R1 and Rz inclined ata
given angle a

This is a particular case of the preceeding article where K; =K, =0
Thus, the equations (7.9), (7.10) becomes

(8.1) KR=R,R,csina

(8.2) R*x =R, c (R, +R, cos &)
The equations (7.7) and (7.8) remains the same.

Exp.(8.1) Two wrenches of pitches p;, p; have axes at a distance
2a from one another. If the resultant wrench is of pitch @ and its axis is
equidistant from the axes of the component wrenches, show that the angle
between them is

1 @ (20 —p; —py)
tan  —— — : (Gkp.'00)
a"—(0—pp) (@ -p,)

Sol. Letthe two wrenchesbe (F, Z -
PiF)), (F,, p, F,) and the resultant wrench 1P1
be(R,oR). Let O be the middle point of the A /_'
shortest distance AB = 2a, and let it be a \ F,
z-axis, We have taken the axis of the wrench o
(F}, p, F,) parallel to x - axis and the axis of Re X

. thg wrench (F,, p, F,) making an angle 6 N

with the x- axis. This lies in the plane paral- B _-_R_

lel to xy plane, AB being the shorte:t dis- y L Fap
tance. The axis of the resultant wresich R, F

ﬁR) Passes through tlic middle point O of
* shortest distance and has direction cosines , m, n,

Now, resolving the forces along the axes, we have
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(i) | RI=F, +F,cos0
(i1) Rm=F, sin ©
(iit) Rn=0.

Also, taking the moments about Ox and Oy, we have

(iv) RaI=F1p1+F2p2cose+ansin6
v) R$m=F2p25in9+aF1—ancose
(vi) RG n=0.

Substituting the values of R/, Rm from (1), (ii) in {iv), (v), we hal

(F1+cmose)a=F1p1+F2p20056+ans'mB

or

(vii) Fl(6—p1)=F2(p2—5)cosB+aF28inB
F,sin@o =F, p, sin@+aF,—aF,cos®

or

(viii) aF =F, (®—p,ysin®+aF,cos®

Dividing (vii) by (viii), we have

—~

®—P; (pz—m)cosEH—asmB

a  (0—p,)sin®+acos0

or
(S—Pl)(a—pz)sinﬂwLa(co—\pl)cosB=a(p2—6)cose+azsi
or ' '
[a @ —p; + & —py] cos8=[a"— (@ —p,) (@ —p,)] sin

or

| aQo-p, -

tan0=——_ 1Py
a '(m_Pl)@—pz)

or

[ a(26—pl—p2) ]
a-@-p)@-py)"
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9. Nul lines and planes

We know that a system of forces can be
reduced to a single force acting through an
arbitrarily chosen point O’ and a couple whose
axis passes through O'. Let the resultant force
be R and the resuitant couple be G acting from
O’. Through O’ take any line O’A perpendicu-
lar to the axis of G. About this line O’'A, the
sum of the moments of the forces of the system

is zero, for the axis of G has Jo component along it and R meets it. (momet
about OA=R.0+ G cos 90° = = 0). Such a line is called Nul line, that is,

line about which the sum of moments of the forces of the system is zero,
called nul line.

A

The locus of nul lines is a plane and it is called nul plane. Also ti
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point O'is called the nul point of the plane,
10. Equation of nul plane

Let X, Y, Z be the component forces along Ox, 0}’,‘ OzandL,M,N
be the component couples about them. Let A be any point having coordi- -

nates (§, m, &) referred to the axes Ox, Oy, Oz and then the coordinates of

any point P(X,, ¥, z,Jare changed to (x, — £, y ~1), 2, — §) due to shifting
of the axes through A parallel to the oriiginal aie's. :

Hence, the moment about a line through Q parallel to Ox axis is
L=2{0,-WZ - (-0 Y} =2(y,Z, -2, Y,)-n 2Z,+ (2 Y,
=L-nZ+CY
Similarly, ~

M=M-{X+EZ, '=N-EY +nX. |
The quantities L', M’, N' are proportional to the direction cosines of the axis

of the resultant couple at (§, n, ). This axis is the normal to the nul plane
at A. The equation of the line through A are

x—&_y-mn_z-¢§
n

/ m

If the line through A is nul line, it should be perpendicular to the axis of
the resultant couple. Thus,

x-E)L-nZ+CN+-mM-CX+E7)
+(2Z-OMN-EY+nX)=0

or
XL-MZ+EN)+yM-EX+EZ)+z(N-EY +nX)
=EL-MZ+CY)+nM-CX+EZ)+C(N-EY +nX)
or
xL-mZ+EN+yM-CX+EZ)+z(N-EY +1X)
(10.n) =EL+mMM+CN. r

Thus, the equation (10.1) is the equation to the nul plane of a given
point (&, m, &) referred to any axes Ox, Oy, Oz.

11. Condition for a straight line to be a nul line (Gkp.'08)

Let the equation of a straight line passing through the point
A, m,§) be
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x—-§_y-m_z-¢§
B m n -’

" 4The component couples about the lines through A parallel to the axes an
WL—-mZ+EY, M—-EX+EZ and N—-EY +nX.

Hence, if the line is nul line the moment of the couple about the give
line
=IL-nZ+E)+mM-EX+EZ)+n(N-EY +nX)
should be zero. Thus, |

IL+mM+oN=/(-CY+nZ)+m(-EZ+ LX)+ n(—n X+ EY)

=Xm&-mm)+Y@E—1+Z(In-mE)

or
11X Y Z
! m n|=L +Mm+Nn,
s m &

This is the condition that the given line may be a nul line of the system.

Exp. (11.1)  Find the nul point of the plane x + y + z = 0 for th
force system (X, Y, Z; L, M, N). (Gkp.'06

Sol.  In order to find the nul point of the plane
(D) Xx+ty+z=0,

we have to compare it with the equation of the nul plane

XL-nZ+EN+yM-CX+EZ)+z(N-EY +nX)

(i1) =EL+ MM + N,
So, :

L-mZ+LY M-(X+EZ_N-EY+nX EL+nqM+CN
1 1 B 1 - 0 :

From the ratios first and third, we have

L-mZ+EY=N-EY+nX

or

EY M (Z+X)+EY=N-L
or '
(iii) E+ODY-n(Z+X)=N-L.
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From the ratios second and third, we have

M-{X+EZ=N-EY+nX - x

or

or

E(Y+Z)-mX-LX=N-M
(iv) EY+Z)-Mm+OX=N-M.
V) EL+nM+EN=0.

Also, since (€, n, £ lies on the plane (1), we have
(vi) E+n+E=0.

On substituting from (vi) in (iii), we nave

—nY-nZ+X)=N-L

or
i __L-N
yil) N X+Y+2)
Similarly, |
_ N-M
(i) ST X+Y+2)

Substituting in (vi) from (vii) and (viii), we have

B R
. X+Y+2Z) X+Y+2Z)
Thus, the nul point is
N-M L-N M-L
X+Y+Z X+Y+Z X+Y+Z7
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12, Rep.lacement of a system of forces by two forces, one of which acts
along a given line (Gkp.'09)

Leét O be the origin, and R and G
be the resultant force and couple, and OA
is the line along which one of the forces
acts. Let a plane COD be perpendicular
to the axis of resultant couple G, that is
the forces of the couple lies in the plane
COD. Now, draw a plane through OA
and the line of action of R, which cut the
plane COD along the line OB.Resolve R
into two forces, one P along OA, and the
other Q along OB. Replace the couple G by two forces Q along OB in the
opposite direction OB’ and O'B", where O is such that Q.00" =G. Thus,
the force Q along OB when compounded with the two forces Q, one along
OB’ and the other O’'B" give a force Q along O'B", which is parallel to OB.
As the plane COD is the nul plane of O, the sum of the moments of the
forces of the system about any line in this plane is zero. Hence, finally the
system is reduced to a force P along OA and the other Jorce Q in the nul
plane of O but parallel to OB. Such forces P and Q are called conjugate
forces and their lines of action are called conjugate lines.

13. Equation of a conjugate line

Suppose we require the conjugate line with respect to the system of
the forces given by (X, Y, Z; L. M, N) of the line

(13.1) X—Czkrtl—rl=2;c.

We knov. that the nul plane of (§, , ) is (see §10)
x(L—qZ+§Y)+y(B/I—(’;X+§Z)+Z(N—§Y+'r|X)

" (13.2) =EL + M+ ON.
Another point on (13.1) can be taken as
Cm

I .
€&-=n-0)

n

|

' its nul plane is

KL - (- SOz y (M- 0X+ 6~z

f2N-E- )Y+ - = (- L+ (- M),
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or

x{L—nZ+§rlmZ}+y{M+§Z—%Z}
(13.3) +z{N-EY+nX +%Y-%‘—X}=(§—%)L+(n—%m.

The equation (13.2) and (13.3) give the required conjugate line.
Subtracting (13.2) from (13.3), we have

(134)  x(Y -mZ)+y( Z - nX) + z(mX — Y) =L/ + Mm + Nn_

The equation (13.2) and (13.4) give the conjugate line more easily

Exp.(13.1) Show that the wrench (X, Y, Z; L, M, N) is equivalent
to two forces, one along the line x =y =z, and the other along the line given
by

Lx+My+ Nz=0
X(Y -2)+yZ-X)+zX-Y)=L+M+N
and find the magnitudes of the two forces.

Sol. The equation of the given straight line can be written as

Xx-0 y—-0 z-0
/37 1B 13
In order to find the conjugate line, we take two points on the given
line, and the line of intersection of the nul planes of these points, give the
conjugate line.

}

Let the two points on the given line be (0, 0, 0) and (1, 1, 1). The
equation of the nul plane of (0, 0, 0)

(i) xL +My + Nz=0,

The equation of nul plane of (1, 1, 1) is f
. o e e Y 1 1 1 ,
(ii) L'x-D+My-D+Nz-1)=0 X Y Z |

L'=L-(Z-Y)=L-Z+Y
M =M-X-Z)=M-X+Z
N'=N-(Y-X)=N-Y+X

Substituting these values in (ii}, we have

LC-Z+YV)x-1D+M-X+Z)y-D+N-Y+X)(z-1)=0 ?

l
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or XL-Z+YV)+yM-X+Z)+zN-Y+X)=L+M+N,
Subtracting the equation (i) from the above equation, we get
(iif) xX(Y-2)+y(Z-X)+z(X-Y)=L+M+N.

The intersection of (i) and (iii) is conjugate line with respect to the
given system of the given line.

Let the two conjugate forces be Pand Q. Pis along the given line
- x=y=zand Qs along second conjugate line given (i) and (iii).

Let the direction cosines of the conjugate line (i) and (iii) be A, p, v.
Then

(iv) L2 +Mp+Nv=0
V) X -2A+@Z-X)pu+X-Y)v=0.
From these equations, we have

A p

MX-Y)-N(@Z-X) N(Y Z)-L X-Y)
\%

LZ-X)-M(Y-2)

or

) A B
1 =
1) M+N)X-MY+NZ) (N+L)Y-NZ+LX)
= A%
L+M)X-LX+MY)
The resolved parts along the axes are given by
2 P P P
—+ QA= —+Qu=Y, ——+Qv=
Multiplying these equations by L, M, N respectively and adding, we
have
%(L+M+'N)+Q(7.L+ UM + vN) = LX + MY + NZ.
_ LX+MY +NZ)N3 _
0 = d
r P LiM+N ue to (iv).

The other force Q is given by

2,2, 2, 2 _ P2,.7_
Q02+ + V) =K - (= P+ @

T
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