DEFINITE INTEG, .
\S

§ 3:1. Definition

b
We know that j{: f@)de=F(b) — F(a) where F(x) is the integr of s

§aid to be a definite integral. g and b are called the lower and upper limits of
mtegr-al- and the interval (g, ) is called the range of integration. In this Chapu;r
are giving certain properties of definite integrals which are helpful in the specs
evaluation of the integral. k
§ 3-2. Properties of definite integrals.

For present purposes we shall suppose that

J1@)ax=F ).
b
Property 1. J; f(x)dx=£b f(t)dt

LHS = [F (x)]: = F(b) - F(a)

th
W |

RHS. = [r (z)]f: = F(b) - F(a)
b
Property 2, J; () ax = - J,:a [(x) ax

RHS. = - [F (x)]: =_[F

Pro fb k
perty 3, A f(x)dx=

where ¢ is any point in the interval (a b) e [ ax

RHS., = [F (x)]: + [F (x)]b
=F@E)~F(@)+F ; “
=F®)-F()= L(H?S. T @

(78)

Scanned by CamScanner



r

it InlfS“’“ *
i ik This property can be geeralised ag
Rt [

“ L ' Un Vi
\ L\\ o} Ry o ‘ ¥y o ’ al
[r ol = Jydet J o F@)du &, q{ (v) el 4 1o rwa

}‘;oof of ﬂ\‘ls f()“owg; ea,sil)'~
! a
property &+ F(x) f‘x = j: F(n = x)dx

a
proof, RHS, = .l: fl@=x)dv

Puttinga =x =t = dv= it

{

0 K
- = ,[: SO dt= ~L f(e)dt by property 2
[
=k J(x) dx (property 1)

= L.H.S.
a 1}
Property S. - fX)dx=0 or?2 \ I(x) dx
xording as £ (x) is an odd or even {unction of x,
0dd or even functlon (definition). A function [ (x) is said fo be odd if

f(0)==[@)
od even if f(=x)=f().
For instance sinx is an odd function becauso
sin (— x) = — sinx whero as 2 ar cosx are examples ol even functions

“ fﬁ -f "pede by property 3
) Pl dye = et | f()de by property .
Proof, J:af(.\) de= ) [®) )

In the first integral on the right putx == f, then
!

a \ { .
wf(-’t‘)t!x:—-_’;‘f(-——r)dt-k ,f(.\)d\

= i:" f(=ndet j:af (¥) v

f i
| = ‘La f("‘.\") (Lt + J: f(‘t) de .-.“)
| Case 1 10 £ (¥) is odd then f(-,.\‘) = - f(¥) then from (1), we have

nse L, If f(x |

@ Ia Fydet J(x) de
ﬁaf(x) S

= 0. e f (v) then [rom (1), we et

Case 11 I (¥) 18 AR l:“f( ) e
v + xX) ¢
a = + J' f(x) de
J: JEO & )
‘ ‘ a . dx‘
| g'zl: [
E | ol .‘.i‘
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hﬂ“&”a{é 8
; | ey
’ wa(x)dxﬂff(")d" @ - =fey - 1]
property 6-
or Oif‘f(za'x)::‘fm f" +f2af(X)dx £
- fzaza fEde=J feact J by prODeqy?j“
root - =2 —t 3
. R.H.S. putx
In the sccondzalﬂtﬁgr al on . 0 i
ihed feyde=J, feax+ ) —f(2a-1)a :
a :
=ff(x)dx+£ f(2a —x) dy
by p]'Opcrty y) an(ih(l)

L
Case L If f(2a —x) =f (0), then from (1), we get :

=2_£af(x)dx
Case IL If f (2a — x) = — f (x), then from (1) again we have
[*reae= [ r@ae- [ repae =0

Following examples will illustrate the application and usefulness of theg
properties,

4 dx :fr /2 sin @ d
Example 1._[ == =£ St b e
P x+Vat =2 " 4 c059+sin9

(GKP 1998, BU. 201

Solution, Let | = 1;0 dx
) X+ Va4 —x<
Pulting  x = g cos,

dx = - gin@ 4o
0 ;
I=f/ ____ﬂede
2 ACos0 + Vgl =3 T
1= )" __sing o A
cos 6 + ging % ‘

e I = .[:”/2 \—cﬁL p! . ,.r(li}

Adding (ve /- e oropert W{g
8 D& (i) we oy | ‘ [by proP®
2 = L . . 5

dg =%
< L2
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%
T .
_ Evaluate L _xsinxdy
panp'e (1 + cos’x) (Gorkhpur 85;
e . ipur 85; Avadh 95)
tion Let T = M
. N
sole 0 (1 + costx) ()
_|Fmox)sn@-x)de |
‘g {1+ cos? (r — x)} y property 4
_ T (7 — x) sinx dx
' Y0 (1+ cos?x) (i)
Adding (1) and (it), we get
n ] n/2 I
o] = _JKM__=2£ 7 sinx dy
| 1+ cos® x) 1+ cos’x
. by property of definite integral.
0
= — 2% Ji —1—%72- by putting cos x =!
- 0 1
- -14] = -1 |
= -2 Ltan t]l 2 [tan t]o i
P £ B |
- 4| = 2
2
1=

integrals of the type

Remark. In order to evaluate the
ed f(a—x)= f(x) and adding this

a -
l: xf () dx, we apply property 4 provid
e x and solve the integral.

rvanchal 89, 2003, 2005; Avadh 91, 96, Sid. 2017)

(GKP 82, 2008, 12, 13; P4

n/2 ] .
.Solution. Let I= log sinx dx (D) |
— Lﬂz log sin (g_r_ - ) dx by property 4 :
= 2
/2
= .{;ﬁ log cos X dx , (i)
Additing (i) and (if) we ¢t

/2
ol = .Lx (log sinx ¥ log cosx) &¥

= .[Mz log (sinX cosx) dx

2 Asin2x
[ )

R T
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o, 4 gl
n logsm,dt.«—i-logcz %

/2 4 .
log sinx dx — 5 log, 2

\

j}' n
_]- 12‘_ loge2 On transposition we get

"4
= —=log 2

/2 4
_l;ﬂ logsinx dx = — —2-loge 2.

. . . i d number of proble A
te— This result is useful in solving a goo problems, g
are avaiIs(::; to go through the proof carefully and remember the result, udm,

Example 4. Show that log (x + ;) 1+ = 7 log, 2 |
(Gorakhpur 85, 96; A"adli-xz_; ;
Solution. Substituting x = tan 6 ; dx = sec? 8 df we have P

) 1 dx fﬂ/z 56029d9
| ——= tan @ + cot @
I og r+2) 7252 | log a0 + ot =22

w/2 sinf = cos@
=£ log (cos@+ sinG) 49
Ln/zl _ 1
- o8 (sinﬂ Ccos 0) @
n/2 i /2 ;
= log sin 6 d6 — 0' log cos 6 d6
n/2 /2 ,l H
= f log sin 6 df — f T _gla poFTE
h g b log cos (2 6 4
fn/z - B/
=-2 , logsinfds

L T
= 2(-510&2) =n’log62

Example S. Show that _£ ® \L

e thSn:oluﬁ(m. Put X=tang- dx.(i ;2 éld; )
n the given int i iy T

s egral which may be denoteq by L is expressed a5

_T
T4
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tan 6 sec? 6 do

tan 0

J;:t/?.
/2
s I= J;

—

(1 + tan

sin 0 d6
sinf@ + cos 8

(1 + tan 6) (1 + tan26)

0)

(1)

I

ey

2

. [
f”fz sin (2 - 6) do
0 sin (E -

e) + cos (%-9)

by property of definite integral

- f"/z cos 6 df
~ cos B + sin 6 .0
adding (i) and (i1) we get
/2 (sin @ + cos O fﬂ/z
= | di= das
a J; (sm@ + cos 6 : 0
= a2 _ 1
A= [9] 0o 2
i
=3
f ¥ x dx _
Example 6. Show that b 72 st + b2 sinPx =6 (Gorakhpur 2006)
Soluti f” xdx |
dution.Let — I=Jy 22 costx + b sin’x ()
T (pmx) & )
I'=Jy 22 costx + b?sin’x o (i)
by property 4 of definite integrals.
Adding (i) and (ii) we get
“ 7 dx
A=y Zeostx+b? sin®x
(/2 dx
=27 J g? coséx + b2 sin®¥ )
by property & of definite integrals
sz sec>xdx
=2} 24 bttanty

. bsectxdr=dt

Put b tanx =1

o
. !
,__d_f.ﬁr”l[lm ‘;]
,a2+(3 b 0
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Example 1. Solve 1 + cos ZY + T cos 2¢ + sin 2

_____,_____._———
Solution. LetI= 1: 1+ cos2x + sin 2¢

putting Zv = '-
_a

=2 ':

1 /2 t/2dt i |
— :

~ I=35 1 + cost + sinf
g (=2 tdt

=34 1+ cost + sint ;

T
1£:t/2 (a—t\) at
I=Z ;

1+ cost + sint

. [by pIOpcrq(q

Adding (i) & (n) we gct k-
/2 dt . W‘

ﬂ——x 1+ cost + sint ?

L dt
t t

2L = 2——nt+2'£!f
cos +sm 2+cc)s ) sl 7 stCOSZ

ool

-EL dt 4
8 2! t ! 1
2+251n2cos2 ‘
e ,,/2 sec? & dt ’-’.'_;
T 16
1.2t 3
zsec22d1=du
=2 1 2 au
16 1+y
o
= 1gllog (1 +u))
=T6]0g2
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}jé
EXERCISES 3.1 |
gﬁaw mat n/2
fﬂ 2y de = cos%cdx:%

]

w2 Vsin x dx =T

+Vcosx 4
Ysin X (Gorakhpur 81, 2017)

/2 dx T
\ J; 1+tanx 4

w2 sindxdx 1
L L Tt CoSE —Wlog(\/’i + 1)

(Gorakhpur 2002; Avadh 92)

* xtanxdc _ x (&
i b Secx+tanx = (2 (Purvanchal 2008; Gorakhpur 86, 2016)

=

| Jt/21 xdx=0 b ' w2 =
og tan = U, 1
b @ & (®) Og ot d =.0 (Gorakhpur 2003)

T e
£asm39de 8. 1: —AE 51
a° — Cos“X
T
Prove that _l: log (1 + cosx) dx =7 log (—;—) (Gorakhpur 2005)
- 1 sinlxdx
. Show that L PRER T (Gorakhpur 92, Avadh 90)

; a/4 e
!l Show that £ log (1 + tan 6) df = 1oge 2.
‘ (Purvanchal 90, 2004; Gorakhpur 87, 92)

i 1 log (L+x)dX _ %
§% Show that J; ng_&_:;z)_._ ~ 8 loge 2. (Gorakhpur 2008, 04, 14; Avadl 94)

| a/2 \
{0 Show that .I: i ¢ (sin 2¢) sin¥ d¥ = j:  (snze) 04x

! a2 yatxde T

;“-‘ Show that 1: Tﬁﬁ{f'} 4

‘ n/2 -éxdx=“l°842

i B Prove that _[: x? cose [Hint : Integrate by parts twice]

E 3 a
_ () + ¢ (a =X} &
| 6. Prove that -l:u ¢ (1) & ‘l: {¢

2 1
. b1
' : = =log |5 (Gorakhpur 98)
& B inx) dx 2 (2) P
1 % Prove that _L xlog (8 o —
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/‘W.A‘/v ] e
j' ] l (l 9” COR X ’ a?) bf ” K d’! {!_"/?( =
i Of (1 == 24 CORX *F d7) dit 55 () ¢3¢ 5, g
18 Provo that h f: 20 log 4 Ay '5#
s a <l wid a = 1, = &
’f/" ] JL ] ’jﬂf(‘é}; 4 :
ai s () 2ome {1y —_— '1" o
19, Show that f iy 106 (6l X o+ COB.E) e o = o (2) P Y
mll””_fyll i
| vy Bl
20.  Evaloate AT
) 1+ smx (G&rau%_ﬁ
JU .
21, Bvaluate f sindx (14 2 cos.x) (1 4 cosx)? dx
0 (Gﬂfab%
3e/4 /3 7
—d = -—
22,  Show that wd TF sins ( 1) 3
00 I
1 /4
J; 1+x 4 g
2T 5in2 @ 4o :
sin
—_ >b >0,
23.  Evaluate L 7 —b cos 0’ a>b >0 o
i [ x 3
24, Prove that .L‘ log (1 —2acosx+a?)dr=0 ﬁ

or 2mloga according asa <1 and g > 1,

§ 3-3. Definite integral as the limit of a sum.

So far we pave considered integration as the reverse of differentiation \a '
we can see that it is possible to express a definite integral and hence also an ind=

integral (because an indefinite integral can be taken as the definite iy |
t - i

. f &) dx as the limit of a sum of the series when the number of terms tezkl

infinity while each term of the series tends to zero. Thus if f &) is a contizm

- . - b :
function in the interval (a,b) anda < b then we define the integral A fl)as

b . _,
lﬂx)dr: nlj.lmm hif@+f@+n)+f(a+2n) +..+f@+i-14l
whereb—a=nh. &

Here poo o h-0

: . . =, . [ i p“ |
It is worth while to mention here that integrals were primarily introducd B

l;]l?asure areas, volumes etc, by dividing them into enumerable sub-regio’f,_fg;iq 7
_ imately resulted jn summing a series. The sign of integration fbeing the first k¥ :

of the word sum algq justifies it. i )

Example 8, £ ° integral a5 1 e

Ple 8. Evalugte 2 dx from the definition of the integral & Al

a 2[ A

of a sum, (GKP T

b B
Solution, f _ Lim —Th*| i f

= N}l

where b — @
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i g’ uls %7
l Lim ;,(,;le?ﬂh{l 243+, f{n«”,

o4 add

Lim [mﬂ + 2uth "- (rl = 1) 4 --(n - l) (2n ~ 1) {n)]

“n & N

Lim
“n

[nha2 4 anh (nh ~ fi) + ! (nh = Ity (2nh =~ h) 11/¢J
“,(b..-a)az-i-a(b-v-a)z-i'j,;(_l)*---a)3 |
,L”.:;—i’l{saz $3(0—ayat (b -

1 1
w (b~ a) @+ ab 4 b?) = 2 (b ~ o),

d Eample 9. From the definltion of a definlte Integral as the limit of a sum find

[

yvalue of j; sin 0 do

4 Soluton, Here f(0) = sin 0
f(a) = sina; f(a+ h)=sin(z+ h)cle,

(Purvanchal 2003; Gorakhpur 2092)

‘ .
j;/ sin’)dﬂ—nlimw h[sina+rsin(a+h)+,~;m(a ¥ 2h) +

b 8in (0 + 1 = Lhj]
where hn = f} = o,
h [sin {a o+ =Nk -2] h) sin %;L]
o m (on summing the serics)
n o~ o

. h
sin %
(See any book of Trigonometry)

) w 2559

2
H+ sinh/2
' -
=2 gin (EL’;LL’) sin (E"i“')
= cosa — G085

b 14, Summation of 39"’“
§  Inthe previous soctio o
J_ p Um h[f(d)”'f(wyh” o fla + 1= 1 h)]
fE de= - where b~ g = nh

we have sc20 that

Lim /Z‘hf(a +rh) R
p*? el |

ol
.:1
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Inte;‘ffal ¢ :

o 5 e 5

¥ ticular if we put a = 0 and b =1, we gel 4
In par

—

Lim h
Llf(x)dx"'naooh Of(f)

r=
1
,{h=1~0=1 sothath-—n.

Lim nfj_l_f(L) =J;1 £ (x) dx.

Therefore | , o T n (0
r=

now

Remark. In order to sum a series by this formula it must haye the ol

'
prOPeft(lf)SA series can be expressed in the form of the integral as givep b
is possible to write down the terms in the form

4()

(2) The number of terms in the series shall be #, but as each term teagy
sero the addition or omission of any finite number of terms will not change the

1e.

r=n+l 1

Lim 2 1.0} = _[ dx

Lin nf(n) 70
r=k

where k and/ are independent of n. N

Working Rule, Find out the rth term of the series and write down it i

n=>x n

form % of % . Then express the given series as assigning prop

values to 7. :
i ing defin
Now replace i by x, % by dxnlimw S by [ to get the corresponding & ;

. - 'n.|
integral. Limits of this integral will be the values of — as # = ® Co"eSpondlg
n

lower and upper values of 7. Example given below will help to UnderStand il ‘
Example 10. Prove that

Lim 1 1 1 lo i
= l0g
no [(3n+1)+(3n+2)+'"+(3”+n)] 3
Solution. rth term of the seri ; 1
series = = /n)}
SRETE TR )
Hence the given series = Lim 2 .

Now f, 'n-’mr=1 n{3+ (/n)}
or the corresponding definjt
the lower limit = Lt 1.

O ) ,7=

e integral

ol
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P g™ L 89
ad upper limit = y _’tw %= 1
fherefore given series = 01 (3d_:x)
{
= l[log (c + 3)] ;

=log4 - log3 = 10g% .
gxample 11. Prove that

. + - = 1
n->® { \;12 (n2 + 22) n2 4 2 - 2)2 > tan™*2

(Gorakhpur 86)

Solution, (r + 1)th term = nz+(2r)2
= n - 1
n? {1+ @2/nd)}  n{l+ (42/n?)}

. Lim '21 , 1
n=o o n{l+ @)}

Hence required limit

[
(1+ 42)
1|t
T4 (x2+l
i _ 1
=22[tan 12x]0
1

2

= [tan"1 2 —tan~! 0] = %tan_1 2. Proved.

Lt n?
Example 12. Evaluate , , o “7 (n? + )32

Solution. Given limit = , » 00 "7 {1+ (Z/n?)}?

. al : b
Now for the cotrespmdmg ;Jx:tegr *

Yower limit = > o n

=

T o
’ ;

s |

2|

Séanr;ed by Cafﬁécanner
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? 1 dvx R
e e f T Putx =tanf ;| dv =g i
Given sum ) (14X )

wt _se0dd
= 1+ tan? 9)3“/2

n/4
_ |7 costdd (after Simplify,. -

. n/4 _ N 3 ‘
= [sm(‘)]o = S8l 4

= '\77
Example 13. Find the limit as 1t = » of the product
2

2 1/n ‘_ﬁ
(e [14E] 1+—5J}
n® n2 n (Gorakhpy, B

n. Let us suppose that the given limit is A

Solution. .
n

Lim [, 1) 22 n?

{ 1+ (1+ | |1

Thus A= -

i ) [ 22 2
Lim 1 [l g (1+—1-2- + log (1 +-2—2] + ...+ log (1 +.’l..”
n?) 2

logA =

n—=>on

_fllog(nxl)dx

_1 1{ o
—o{m.g(”xz)}’vg ((1+x2))xdx

(on integration by parts taking unity as second function)

=log2—2.£1(1+12;21)dx
1+

=log2 -2 [‘L‘ldx"l:l_ﬂ_J
1+x2

| oL ~tan x] =log2—2(1..,%)

' logA—lo 2= E
& 4-1)2=u

2
A= 25(.7t—4)/2
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Lim ! 1/n
n-> o (.’,Tn) (Gorakhpur 2006)

Solution. Let us suppose that the limit is 4

L- | /n ]
ie. A= 0 ("—-) !

H—-> o nt

_ Lim (123 2\Y"
n—=>w

nn
- Lim l 2’- n 1/n
n-> o n n wee ;
logd = nI;me %{log (%) + log (-’2;) + ... + log (7—1) }
H n
= Lim 5 -1-10g (L)
n->w _.n n

1
= L logx dx

1 1
= (x logx) - i: G—) xdx  (on integration by parts)
0

=0- I:x];=—1.

A=e¢l1=1/e.

EXERCISE 3-2

From the definition of a definite integral as the limit of a sum evaluate :

/2
|1 b, 2. sin 6 d6
), xax

L
1

f b q 3
i 1 (b) f —dx (Gorakhpur 2003)
Hh @ L Ld M | s

P s fﬂ cos 8 df
a

ies :
Fing the |ilﬁit ~'when N of the following serie

: 2
I P
o n B
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10.

11.

12.

12,

13'

14,

18,

16.

17,

: : ey

: 2 e k

e A S 7 |

”5‘_:;5)_ 23+ 1) '
(1 (Avadh 9

212

L ——-”-——-+—’L'z‘+""J’nz+(n+1)2
#—+(nz+12) (n* +72)
3 29 1.2
1 2 24 1 2=t +sect
Eisccz;i.}-nzsec 27 2 n2 n
n—1 1

Lim
Evaluate n-> oor/fo V(” = )

Lm § [_Z
Evaluate n-o Z4 (,4 + n4)

Lim (1 _1 A
(a) Show that ", {n + m 1 + e 2nd log2

(b) Show that the limit of the sum

1 1 1 1
= + e + o
2t ) T +2) 0 |
when n - « is log 3. ’ (Gorakhpur 2007; Avadh 53 ;-
Find by integration the limit to which the sum
nl/2 nl/2 nl/2 nl/2

+ + + o
2 (n+3)¥2 (n+6)2 {n+3(n-1)}>2

tends when n is indefinitely increased
Find the limit when n - » of the product

{(H-l) (1+2) (1+3) (1 n) }1/n .i
- = diverse + — '
n n 87, 2003)
Evaliate | n n (Gorakhpur :

Lim . T 271: 31 1/n
sin - - . NI
n-w [mfmsmmsmh ...... sin ]

Show by means of integration that

2n

Find the frce
ind the limit whentj tends to infinity of the product

RN T L
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e !

%

l[('\‘g"l'l’l’-\' 03

L
‘(}

A=k oy Al il

j".'--

o oxpanding 1og (k%) and integrating (erm by term

3

AN ,

= = [rom trigonomelry,
2 gonomelry

Bvaluate
[ TT I R N RO N 1 _
T R ST o+ 2" ok mel (Gorakhpur 2002)

136 pitferentiation under Integral algn,

The functions which are not easily integrable can be integrated by differentiating,

(e fntegrand of the definite integral with respect to a quantity which is independent
ol the limits s well ns the variable with respeet (o which integration is performed.
e following examples will illustrate the method,

o 2 A L3 A e tchtme

. % tan” ! ax

Exnmple 18, Evaluate -l (Gorakhpur 2007, 2010)
b ox (1 x%)

"o (g~ 1 w )

0 (L%

dr - ®. - X dem f‘” dx
da N x(1+x%) 1+ a’x? ) (L4 a?) (1 + akxh)

= g S a? dx  (by purtial fraction)
01— |1h2  1+ai

Sol. Let I = |

[ &

m-—-!—-[tﬂﬂ—l.‘:"lltﬂn] ""'](‘;°
1 —a

1 i .‘.‘3-‘- a—-——?!"'""

=327 2] 20%9)

2(1+4)

=%lﬂg(1+a)+c

But, when @ =0, [ = 0 from (i)

0
s i), we get €=
Hence from (i), £ %Iog (1+ a)

(i)

l‘. z
.[:“’_log (1 4 u le dx, (Gorukhpur 2002)
Example 16. Evaluaté T

l:oolgg 1+ a2 dx (i)
Sol. Let I = 1+ b2 |

" 2ax’ e
I Ry TR )
o ,[: (1+a;2)( +

A
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IIZ(e :
y f 1 __ 1 | ba qur&V
Tp-a |14+d% T 14 pza| U by pary frag, . ]

acfj
& l()n)

—
—

2a F!'.lan 1ax~%lan"1bx4‘!

p2 — a2 0

— — ey — —

=%10g(a+b) +c

But when ¢ = 0, I = 0 from (i), Hence from (ji) ¢ = _ %10g b,

T 1 _7 a+b
I=Elog(a+b) blogb—blog (\b )
2
Example 17. Evajuate log (a2 cos2 6 + 32 sin2 0) as.

/2
Sol. Let [ = .]0' log (@? cos28 + f? sin2 ) do
dar _ f "2 2acos?f ap
da a?cos?g + f? sin2 g
2
=2 | __d8
O @+ B2y
Put tan6 = £ 59 tha sec?0df =gt i
do = dt - dr - dt

2 & 2
-'87‘\055 0 {;iﬁ%tz - ldt (by partial fracﬂoﬂ)

142
= 22 | ”
‘132*&2' -atan la—-tan‘lt:lo
~-23‘_|‘é T =z L
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s als

’ﬂﬂf 2
X J(; 1oga2d9=210ga-%

=nloga

o (1), e €€t
' nloga=mnlog(a+a)+c

=g log2a +¢
=mxlog2+mloga +¢

Butwhcﬂa:ﬁ’I—

c=—mlog2
g this value of ¢ in (i) we get
I=nlog(a+pB)—mlog2

= log (“—té)

2

Puttin

0 = ax .
Example 18. Prove that J; e————x%dx=tan"1%. Hence deduce that

L”ﬁi&’?ﬁdx_E
wox 2 (GKP 2009)

o ,— aAX 3 .
Sol. Let I = :) e___sl_n_blﬁ dx (1)
dl ~°°e“’x cos bx

v . dx
db X A

or y '3'1; ,a2+b
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b

Big
= db+e = tec 18 C,,
= faz + b2 ¢=a- tan”

ate %
or I=tan"! % +c :
But when b = 0, / = 0 from (i). Hence frop, (i) we -
c
I=tan"1! 2

a

Deduction. Putting @ = 0 in ‘£ \Sil;bg

x  F=rtap-1b
b a’ W ggy
_£ sin x=tan_1co=£.

< 2

Example 19. Prove that

.L.:rﬁlog 1+ cosa COs X) dr = 1 (EE az)

COosx ) 4
a2
Sol. LctI:l; E&m{m
Cosx |
dar a2 — {1
Then —= — _—Sinacosx
de

I+ cose COs x) cosxdx
a2
- —sing [
1+ cosacosy

= —sing

e

COS Y = 2X - 22X
) + sin2 2 > + cos a [cos 5> ~sin 5]
. /2
= —sShna _ dx
(1+cosa)c052§+(1._cosa)si 7%
: 77, sec? = gy
= —sing 2

(1 + Cos CZ) (]_ — COS CI) [an?.

X
2
2 =150 that gec2 %

WeE put tan X

*dx 2!
. dl

;1;“-‘~sina —_— 24t

(1+ cos ) + (1- coscz) 2

i =)
L = SO: i
}-—t-&gi_ci {2
1~ cosa !
=~ 125111(2- \/1-~C()SC¥, ] _'__lt\/l.-cos'a]
Sl L+ cosg |20 V1 + cosa
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X ’{I["gmb .
=71 - cosT & 1 + cos a
-1 &
A (um 2
ﬂ¢~a
bode L respect to @ we get
o wit respect 10 a we ge
T L b .‘
[z——"F
Tk (i)
aaa=g " 0 from (i). Hence from (if)
2 2
g=-——gtcorc= Lt
8
2 gl 2
@t w1z
[2——t=5 |7~ 2
2778 2 {4 “ ]
nder the sign of Integration.
ble can be intcgralcd by integrating

16, Integration U
gome functions which are not casily integra

negrand of the definite integral with respect to @
ho variable with respect 10 which lhc integr

illustrate the method.
1,8 = 1 ,‘b 1
-______.—-'——"" dx_

quantity which is indcpendent
ation is pcrformcd.

[ihe limits Qs wellas t
% following examples will 1

Example 20. Evaluate
logx
Sol. We know that
1
1 K 1
-1 il ==
-{:A” a8 ["]o :
Integrating both sides with respect 10 M petween the [limits b and & W¢ get
1| [a a1
-1 = =
»L U; 2 tan|dn= a
=9
or £ ! ‘:}i-—-l—] dx = [108 nly
logX |y =b
-1
or L f/x’b"‘(k-""loga'k‘)gb
log¥
lo 2
Example 21. Prové ﬂmf
(i) L o gy = —-'
b’l
vy~ (Gorakhpur 2000)

(i) .( '“E’coshxdt“‘”‘"
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A U‘\ h"(" tp o ; |

Sol, (l) Put a ;w B L, 0 e ,{.m atug (‘“{ﬁ; 4!
a 1,,, {

l -'l-. = | z l

so that ey ‘rq‘:;-—.- (4 it

&

1
w’\ aa\ = Jn ‘:\1 = l
I dy = l)‘ [ 20 I+ dt

‘o L

R AL

1

= % r (T;‘) |
/ 3 (n@@ ﬁ 41 of (‘;h{{mcr q)
\ i |

Y e d

. ® 29 | .1 : \Izt
() Let 7= ) €7 cos by iy
Differentiating it with respect to b

a_ e,
db =T €7 TV xsin by

y WO got

P
== 11T sinhy -
2a° 2‘,,. f (= e .) COs hy ol

(Integration by part, taking sin b\ as first function),

. ar b
ab = "5l (Integrand part being zero on both (he limils)
al b
or 7=
8 dar bdb
202 5.2 tloge (¢ is coustant)
I 2
log7 = - i loge
I = ce™ b"'/-‘l(l" . ...(l)
when b=0,]= f“-w vr
) 2a
(by first part of this question)
* From (1), L = : ‘
2
Hence we have
Bt
/-
I= fz;-z-e 4a
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e e e e

s T

r&‘m‘*ﬁmrzmxmmrr 4.

)
’ f M"d

SR R T ST s

EKEHGIW A .4

s T

(4] w gosay |

B E) g K gy ]
iV thnt ramali L2 g (1 4 g

-

(' log () sln o LosY)

(Ve that J COSE Aol = g

" ; y ’L F
that il =1 = a =1 and ~ o iy - :

1

¥ e

J" log (14 aconn)
Y0

=yinty

COf X
;.
bat fiid e 7 (a? 4 %)
prove B0 Jy @ winx 4 b ooyt =
) ‘/‘)r Xy aa’ly"
(205 (1 4 y i«
prove that ‘Lﬁw de = nfd (14 y) = 1),y = 1
r'n/2 :
+bsing) dj
) that lo g“‘"'-*-—-w =] .lf,
Prove J, o8 ( d—byind) sing =% sin p
r'
I ~1
Prove that Sy Togx L™ log (n + 1)
r‘
1,Va _ ~1/u
Prove that | E—"% gy~ log =l

0 logx

Pt

m
From the integral f e~ Fdx ==,
0

w—-ax _ ,~ _
prove thatf L——e——dxr-log-’l
0 x a

Prove that

@sin mx
and hence deduce that J; 2 a°

© ' d e m
[Hint ; Integrate f ¢~ Fsinmrds = =5 2 f 10 a between the
0

limit @ and b}
3

‘:\_.a—s.._

e U e Y A A e S e 5 e, TR e
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