2 Introduction to Rings, Integrg
j Domains and Field

&
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§2.1 INTRODUCTION L ,
So far we have studied an algebraic structure known as group consisting of
y set and onc binary operation satisfying certain axioms. In this chapter w

non-empt : i
known as ring, consisting of

shall study another important algebraic structure
non-empty set and two binary operations satisfying certain axioms.

%

§2.2 RING __ig;\j (Purvanchal 95, 99; Gorakhpur 96, 99, 2004, 15
\v//An algebraic system (R, +, +) consisting of a non-empty set R and two binaq‘
operations + and - called addition and multiplication respectively, is called a riné

if the following axioms are satisficd :
Ry) (R, +) forms an abelian group i.c.

(1) V a,bE€ER,a+b€e€R (closure law for addition) ;
(ii) (@+b)y+c=a+@b+c) V abcER

(associative law for addition)
(iii) 3 an element 0 € R called additive identity such that

a+0=a V a€R
(Existence of additive identity)
(iv) To each @ ER, 3 — a € R called additive inverse of a such that
| a+ (—a)=0 (Existence of additive inverse)
(v a+b=b+a V a,b€R (Commutative law for addition)
R;) (R, *) forms a semigroup i.e.

() V a,bER, a-bER (Closure law for multiplication)
(ii) (a'b):c=a-(b-c), V ab,cER
(Associative law for multiplicaticn)
R3) Multiplication over addition is left and right distributive '
i.e. V a,b,c ER,
() a(+c)=ab+a-c |
(@) b+c)a=ba+ca. :
If multiplication in a ring (R, +, ") is commutative i.e. a'b=b-a v -J
a,b € R, we say that thz ring (R, +, *) is a commutative ring. |
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40 Rings, Integral Domains and Fields 1. 80
If3 an identity element for multiplication in ring R, usual.ly d.enotefi bly n';ent
thata'1=1-a=a V a ER, then we say that the ring (R, +, *) is with unit cle
r with identity element. RO
° Examp:z 1. The set Z of integers with usual addition and multiplication forms
a commutative ring with unit element.
Let Z be the set of integers, then
Ry) (Z, +) is an abelian group, since
(i) V abezZa+pez
(since the sum of two integers is an integer)
(i) V a,b,cez, (a+b)+c=a+(b+c)
(since addition is associative in Z)
(iii) 3 integer zero, 0 € Z such that
a+0=q, V g€z
(ivv Toeacha€Z 3-4€e7 such that

a+(-a)=0
v) V a,b€Z a+b=b+gq

_ _ (since addition is commutative in Z)
Ry) (Z,')is a semigroup, since

@) V abEZa bez

(since the product of two integers is an integer)
(i) V ab,cez, (@b).c=a(bc)

(since multiplication is associative in Z)
R3) The multiplication over addition of integers is left and right distributive

ie.
V ab,ceZ,
(i) a(b+c)=ab+ac

(i) b+c)-a=ba+ca

Therefore (Z, +, ) is a ring,

It is a commutative ring, since multiplication of integers is commutative j.e.
V abeZ,

a-b=b-a

It has unit element 1 € Z such that

lra=a'1 V a€eZ

Hence (Z, +, *) is a commutative ring with unit element.

Example 2. The sets Q, R, C of rational numbers, real numbers, complex numbers
respectively form commutative rings with unit elements under usual addition and
multiplication.

We can prove in similar manner that the systems (Q, +, -) and (R, +, *) are
Commutative rings with unit elements.

Now we shall prove that the system (C, +, *) is a ring.

Ry) (C, +) is an abelian group

Ry) (C, -) is semigroup, since
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(i) V zy=a+ib, zp=c+id€C,
225 = (ac = bd) + i(bc + ad) € C
(i) Multiplication of complex numbers is associative L.e.
V 21,2,23€C, (21 2) 23 =21 (22" 23) |
R3). Multiplication over addition of complex numbers is left and right ditribyg,
ie. V 21,22, 23 € C|

21 (;2tz) =212+ 21 " 23
and (22 + 23) 21 =29°21 + 23721
Thercfore (C, +, *) is a ring,
It is a commutative ring, since multiplication of complex numbers is commmau“

ie. V z,20€C,
Z21'22=23 "2,
It has unit element 1=1+i0€C, such that V z=a+ibE(,
1'z=2z-1

Hence (C, +, * ) is a commutative ring with unit clement.
_-Example 3, Thc set Q(Vp) = {a + bVp :a,b € Q,p is any prime)
" forms a ring under usual addition and multiplication of real numbers,

(Gorakhpur 1986, 99, 201

Solution.

Ry) (@ Vp, +) is an abelian group, since

(i) VY x=a+bVp,y=c+dVpeQvp
xX+y=(@+c)y+(b+d)VpEQVp

(ii) For x=a+b\/ﬁ,y=c+d\/]7,z=e+f\fp—EQ\/1_J_,

X+y)+z=(a+bVp +c+dvp) +ec+fHp

=(@+tc)+e)+(b+d)+NHVp
=@+ c+e)+b+d+N)Vp
(since addition is associative in Q)

=x+(y+2)
(i11) 30=0+0vp€QVp
called additive identity such that V x = ¢ + bVvp € QVp
x+0=x,

(iv) Toeachx =q + b Vp Vp € Qvp, 3 d-x=-ag-b'p €QVp,
called additive inverse of x such that x + (- x) =0

) Vx=a+bvp, y=c+dvpeQvp
xty=@+c)+b+a)vp
=Cta) (@+hVp =yt
Ry) (Q Vp, *) is a semi group, since
© X=a+bvp, y=c+dp € Qvp
X J"‘(ac+bdp)+(ad+bc)\/_EQ |
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Introcdhiction to Rings, Integral Domains and Fields 53
) V xn,nz€Qvp,
(M z=x(yz) ie.
multiplication is associative.
R3) Multiplication over addition is left and right distributive in Qvp.
® V .,»2€0Vp
x(+a)=@+bVvp){(c+e)+ @+ HVp}
=ac+ae+adVp +afVp +bcVp + beVp + bdp + bfp
and  x-y +x-z=ac+adVp +bcVp + bdp + ae + afVp + bevp + bjp.
This shows that x(y +2) =x'y +xz
Similarly, we can prove that |
(+z)x=yx+zx ‘
Hence (QVp, +, -) is a ring.

Example 4. Consider the set Z X Z with addition and multiplication defined
a follows :

(@,b) + (c,d) = (a + c,b + d)
and (a,b).(c,d) = (ac,bd) ¥ a,b,c,d € Z. !
Then Z X Z forms a commutative ring with unit element. |
Solution.

Ry) (£ X Z, +) is an abelian group, since
MV x=(@b),y=(Cd€EZxZ
xt+y=(@+c,b+d) e ZxZ.
(i) Addition is associative i.e. V x = (a,b),
y=(d), z=(,)EZXZ
(x+y)+tz=(@a+c)+e (b+d)+)
=@+ (c+e),b+({d+)))
(since addition is associative in Z)

=x+ (v +2).
(iii)30=(0,00€EZxZst. V xEZX2Z,
x+0=(@+0,b+0)=(ab)=x |
(iv) Toeachx=(a,b)EZXZ, 3-x=(—a,—-b) EZXZ s.. \
x+(—x)=(0,0=0 |
V) V x,yEZXZ,
x+y=(@+c,b+d)=(c+ad+b)=y+ux 1
R;) (Z x Z, -) is a semigroup, since
() V x,yeZx2Z
x-y=(ac,bd) EZ X Z,
(i) V x,y,zEZ X Z,
(x<y) z = ((ac) e, (bd) /)
= (a(ce), b(df))
=x-(y2).
R3) Multiplication over addition is left and right distibutive in Z X Zie.
(i) x(y+z)=(a,b).(cted+])
f
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= (ac + ae, bd + bf)
= (ac, bd) + (ae, bf)
=xy+xz

Similarly, we can prove that
+z) x=yx+zux
Therefore, (Z X Z, + , -) is a ring.
It is commutative ring, since multiplication is commutative i.e.
x +y=(ac,bd) = (ca,db) =y - x.
It has unit element (1, 1) € Z x Z,
since V (a,b)EZxZ,
(a,b) - (1,1) = (a,b).
Hence (Z X Z, +, *) is a commutative ring with unit clement.

Example 5. The set Z,, of residue classes modulo a positive integer m is a ring;

with respect to addition and multiplication of residue classes.

Solution.

Let Zn={0,1,2,..,7, .75 ...um = 1}
be the set of residue classes modulo m.

Ry) (Z, +) is an abelian group.

(Example 10, art. 1.18)

R3) (Zpm, *) is a semi-group, since

(i) V rn,nez,

n -?2=r1r2 =?EZm,

where 7 is the least non-negative remainder, when ryry is divided by m
(i) Multiplication of residue classes is associative i.e.

V n,rnez,
(r1:12) ‘13=(rirp) - 73 j
=)
=r1(r373)
=71 (r2 " 73).

R3) Multiplication over addition is left and right distributive in Z-
Hence (Z,, +, ) is a ring, it
It is a commutative ring, since multiplication of residue classes is commut2 |
It has unit element T. ;
Therefore (Z,, +, -)

Fvamnla £ OL___ .1

is a commutative ring with unit element. SOQ
: 7 - 4l ¥
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2.3 PROPERTIES OF RINGS \o=
Let (R, +, -) be a ring. Then for a,b,c € R

(i) a-0=0-a=0, (Purvanchal 96; Gorakhpur 97)
(i) a(—b)=(—a) b= —(a'b) (Purvanchal 96; Gorakhpur 97, 99)
(i) (=a)-(-b)=ad (Gorakhpur 99)
(ivy a-(b—c)=ab-ac (Gorakhpur 99, 2011)
and (b —c)'a=b-a—c-a. (Gorakhpur 2011)
Proof. ‘

) a-0=a- (0+0)

=a-0+ a0 (distributive law)
Therefore @-0+a-0=a'0+0 (x+0=xinagroup)

Hence a'0=0. |
(Left concellation Jaw of addition in a group)

Similarly, we can prove that

. 0-a=0
(i) We have a-(— b) + a-b = a*(— b + b) (distributive law)
=a-0
=0 by (i)
Therefore a- (— b) is additive inverse of a-b.
I'¥en€ﬁ a-(—b)=—(a'b).
. Similarly, we can prove that
(—a) b=~ (ab)
@) (~a)- (~b)==-(a-(-) by (@
= - (- @b))
=ab [because — (—x) =x in a group]
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(ia*@=c)tac=ar(b=cte)
=g (b+0)
=qh

or ar(h—=c)=ab=-a<c

Similarly, we can prove that

b=c¢c)-a=ba-ca

Example 1. If the ring R has the multiplicative identity 1, prove that {|

unless R = {0} |

Solution. If 1 = 0 and a € R, then

a=a'l=a0=0

Hence R = {0}

Example 2. Let P(8) be power set of a given set.

Then (P(S), A, N) is a commutative ring with identity element,

Solution,

Ry) (P(S), A) is an abelian group, since

(i) V A, BEP(S)

AAB=(A-B)U (B - A) EPO)
(ii) The symmetric difference is associative ie. V A, B, C € P(5)
(AAB)AC=4AA(BAC)
(i) 3¢ €P(S) such thant V A € P(S),
AL = (A =-¢p)U(p - A)
=4U¢
=4

i.e. ¢ is additive identity.

(v) Additive inverse of 4 € P (S is A

since AAA=(A —A)U (A - A)

=¢pU¢p=¢

(v) Symmetric difference is commutative i.c,

V A4,BEP(S)

AAB=(4-B)U (B - A)
=(B-A4)U (4 - B)
=BAA

Ry) (P(S),N) is a semigroup, since

() V A,BeP(s),

. ANBEPy)
(ii) Intersection is associative ie.
V 4,B,CeP(s),

@NB)NC=4an@BNC)
R;) Intersection over symmetric difference is Jeft and right distributiv®
V 4,B,CeP(s)
ANBAO=ANB)A(N(
and (BAC) nA=(BnA)A(CnA) i
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890 Rings, Integral Domains and Fields

Therefore (P(S), A, N) is a ring,

It is commutative ring, since intersection is commutative ie. VA4, B € P(S)

o ANB=BNA
It has multiplicative identity S, since V 4 € P(S)
. ANS=A4
Hence (P(S), A, N) is a commutative ring with identity.

Example 3. Let (R, +, -) be a system which satisfies all the postulates for a

ring except that of commutativity of addition, Prove that

(1) If R contains an element ¢ that can be left cancelled in the sense that

ca=chb = a=b>, thenRisaring.

(ii) if R has a multiplicative identity 1, then it is a ring.
Solution.
(i) For any a,b € R, we have
c(@+b)—c( +a)
=c(@+b)+(-c) (b +a)
=ca+cb+ (—c)b+(-c)a
=ca+cb~cb-ca
=0+0
: =0.
Therefore ¢ (@ + b) = c(b + a)

= a+b=b+a (by left cancellation law)

That is addition is commutative,

Hence R is a ring.

(i1) We have
(1+1)(a+b)=1(a + b) + 1(a + b) (by distributive law)

=a+ b + a + b (since 1 is multiplicative identity)

Again
1+1)(a+Db)
=(1+1)a+ (1+1)b (by distributive law)
=a+a+b+b (by distributive law)
Therefore
a+(B+a)+b=a+@+b)+b
or b+a=a+b

(by left and right cencellation laws)

~ Hence R is a ring. : ' ol

Example 4. If R is a ring with unity element 1, then prove that

(@) (-1)a=-a=a(-1), Va€ER

@ (-1).(-1n=1 |

Solution. We know if 1 be the unity element in the ring R, then
a.1=1.a=a Va€R

() Now [1+(-=1)].a=1la+(-1).a,VaER
or Oa=a+(-1).a, from (i)

§canne<lj by C

(i)

V4 I
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or o=a+(—1)a

or (-)a=-—a

Again from (i) we geta=a.1 &

or a +a.(— 1) =a.l + a.(— 1), adding a.(— 1) on the right of 4
both sides j

or ga+a.(-D=a.1+(-1)]=a.0=0 s

or ¥.{—1)y=—0u

(ii) From part (i) we havea.(— 1)=—a

Replacing @ by (— 1) in this resuit we get (= 1).(—1)=—(=-1)
ie.,(— 1).(—1) = additive invcrse of (= 1), where — 1 is itself the
additive inverse of 1 in R.

=1 Hence proved.

§2.4 RING WITH ZERO-DIVISORS AND RING WITHOUT
ZERO-DIVISORS

Let R be a ring. An element (@ # 0) €R is said to be a left zero-divisor jf
there exists a non- zero element b € R such that ab = 0.

An element (¢ 0) €R is said to be a right zero-divisor if there exists a
non-zero element b € R such that va = 0.

An element which is both left and right zero-divisor is called a zero-divisor or
proper zero-divisor.

A ring which contains zerc divisors is called a ring with zero divisor.
A ring which contains no zero-divisor, is called a ring without zero-divisors.
Example 1. The ring of residue classes modulo a composite positive integer
m, is a ring with zero divisors.
Solution. Let Z,,, = {0, 1, ....,m — 1} be a ring of residue classes modulo 2
composite positive integer m. Then
m=rs, where0<r<m, 0<s<m

Now m=rs=0.

But 7#0 and $=0.

Therefore 7,5 are zero-divisors

Hence Z,, is a ring with zero divisors

Example 2. The ring Z¢ of residue classes, modulo 6, is a ring with zero divisors

Example 3. The rings J, O and R of integers, rational numbers, and real numbefs
are rings without zero- divisors.
§2.5. CANCELLATION LAWS IN A RING.

Let a (#0), b, c be elements of a ring R. If

a-b=a-c = b=c (left cancellation law)

b-a=c-a = b=c (Right cancellation law)
hold, we say that the restricted cancellation laws hold in R.

|
|
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_ Theorem A ring R is without zero divisors ilf the restricted cancellation laws
hold in R. (Purvanchal 93, 98, 99; Gorakhpur 99, 2010, 15)
w- Suppose that R is a ring without zcro divisors

Le. @ =0»g=0 o b = () or both are zero.
Now, let a (s 0),b,¢ € R. Then

‘ @b=ac » g (h- ¢) =0 (by distributive law)

Since @ # 0, therefore p — c=0

b-—c=(0 » b=¢

Thus Gb=ac¢ » ph=

Similarly, we can prove thatbra=cq » p=c.

Conversely suppose that the restricte

Now, if possible, let R be
where a # 0,b # 0

Now ab=0

d cancellation laws hold in R.
a ring with zero divisors ie. @b = 0

=2 a'b=g-(

= b =0, since restricted cancellation laws hold,
which is a contradiction to our assumption that b # (.

Hence R is a ring without zero-divisors

Ve

§2.6 DIVISION RING OR SKEW FIELD (Purvanchal 97)

A ring R is callcd a division ring or skew field if the set R* of non-zero clements
in R forms a multiplicative group.

Thus a division ring must have identity 1, since 1 € R*, we have 1 # 0,

Consequently a division ring must have at least two elements.

Example. The rings Q, R and C of rational numbers, real numbers and complex
numbers respectively are commulative division rings.

This example is called the ring of real quaternions. This ring was first described
by the Irish mathcmatician Hamilton. Initially it was extensively used in the study of
mechanics; today its primary interest is that of an important example, although it still
plays key roles in geometry and number theory,

Let Q be the set of all symbols ap + aji + @y + ask, where all the numbers
ag, @y, a3, and a3 are  real numbers. We define two such symbols,
ag + ayi + ayj + azk and By + Pii + By + B3k, to be equal if and only if a; = §; for
i=0,1,2,3. In order to make Q into a ring we must definc operations + and - for
its elements as _ . _

. For any X = ag + aji + aj +as, and Y = + fii + By + B3k in

Q,X +Y = (ag + aji + ay +azk) + (Bo+Pii + B +B3k) =

(ag + ﬂg) + (az + ﬂl)l + (az +ﬂ2).’ + ((13 +ﬂ3)k

and . _

e XY= (ag+ aqi + azj +ak) - Bo+ P+ P +Pk) =
- | +
(ady — @ fy — azfs — ayfs) + (aeBy + o + afy — aby)i
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 (egBy + agfly - ayBy = ayfly) j + (agfs + axfy + aify — aB)k.

where

Pk kw1 i =i =k, k= — k=i ki = — ik =]

It can be remembered by ij = k, jk = i, ki = j; while going around counte.
clockwise we get the negatives.

It may be prove that Q is a non-commutative ring in which 0 = 0+
+ 0+ 0k and 1 =1+ 0 + (0 + Ok scrve as the zero and unit clgmcnts respectively,
Now if X = cg + ayi + ayj + ask is not 0, then not all of ey, aq, g, @3 are 0; since

they are real. Therefore f = ag + a2 + a2 + as? # 0. Thus

Y:%Q—%l-i—%z-j—%ékEQ.

A simple computation now shows that X - Y = 1. Thus the nonzero elements
of Q form a non-abelian group under multiplication. A ring in which the nonzerg
clements form a group is called a division ring or skewficld.

3. It may be verificd that X © Y # Y« X thus the division ring is non
commutative.

§2.7. INTEGRAL DOMAIN .
| (Gorakhpur 93, 2004; Poorvanchal 92, 93, 95, 2015)
A" commutative ring with unit element having at least two clements, and no

divisors of zero is called an integral domain.
From the above definition it is obvious that a ring is an integral domain if (i)

It is commutative, (ii) it posscsses an unit element, (iii) it has atleast two elements
and (iv) it is without zcro divisors.

The System (D, +,.) is an integral domain if the following postulates are
satisfied :
D1 The system (D, +,.) is an abelian group, so we have the following
properties :
(i) Closure property.
aeEDbeED=>a+beED, YabeD.
(ii) Associativity of addition.
(@+b)+c=a+(+c) Vab,cED.
(iii) Existence of zero (or additive identity)
a+0=a=0+aq, Va€D.
(iv) Existence of additive inverse (or negative)
at+(-a)=0=(-qg)+a, YaED.
(v) Commutativity of addition,
a+b=b+a, V a,beD. :
“D; : The system (D,.) is an abelian semi-group with unity, 50 we have the
following propertics :
(i) Closure property.
@a€ED,bED=a.beED YabED
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(ii) Associativity of multiplication, :
(a.b).c=a.(b.c v

(iii) Existence of unity, D

. . a.1=1.a=a,VaeD_

(iv) Commutativity of multiplication,

a.b=p a,Vabep
\.-D3 : Multiplication composition is right anqd left distributive with respect to
addition :

a.b+c)

=a.b+aqg.c and(b+c).a=

b.a+c.a, Vanb,ceD.
\-/D‘, : If the product of two elements !

is zero, then one of them at least is zero.
ie. a.b=0=g=9

or b=0,VabeD
i.e. product of non-zero element is Non-zero

Theorem : A finite integral domain is a division ring,
L

(Gorakhpur 97)
Proof : Let D be a finite integral ‘domain. Then D is a ring without zero
divisors. Let D* be the set of non zero elements of D, i.e. D* C D, then cancellation
law for multiplication holds in D*. Therefore D* is a finite semigroup with respect
to multiplication in which concellation laws hold. Hence D*
multiplication and therefore D is a division ing.

Example 1. Prove that the ring of integers is an integral domain.

Solution . It can easily be proved that the set of integers is a commutative
ring with unit elements.

Also this ring does not possess zero divisiors because if a, b are any two integers

(ie. elementrs of this ring) such that @.b = 0 then cither @ or b or both must be
zero,

forms a group w.r.t.

The number of elements of the set of integers is more than two
Hence according to the definition of integral domain the ring of integers is an
integral domain. o
Example 2. Show that the set E of even integers is not an integral domain with
respect to addition and multiplication. . _
Solution. We can easily prove that the set E of even intege.rs isa COfnmutatlve
ring with respect to ordinary addition and multipligation but with no unit element
(ie. Unity), N .
Also this ring (E, +,.) does not possess zero divisors becfause if a,g arebzrtl})l'
go even integers (j.e. elements of E) such that @ .b = 0, then either a or b or
ust be zero. . _
_ Hence according to the definition of integral domain the ring (E, +, .) 1s not
an integral domain, . i
Example 3. Prove that the ring of complex numbers C is an integral domain.
Solution, Let C={a+bi:a,b ER} : _
It is easy to prove that C is a commutative ring w1t_h unity.
The zero element 0 + 0. i and unit clement 1+ 0.4
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§2.8. FIELD (Gorakhpur 2013,
" Definition L If every element @ # 0 of an integral domain has a multiplicatiy,
inverse @~ ! in the integral domain, then it (the integral domain) is called a field ang
is gencrally denoted by F.
Definition 1. A ring F whose non-zero elements form an abelain, multiplicatiy,

group is known as a field. ;
Definition II1. A system (F, +,.) having atleast (WO clements (.. the additiy,
and multiplicative identitics) is called a ficld F, il .
F, : the system is an abelian group with respect to addition.
F, : the distributive laws arc satisfied,
and Fj : the subset of non-zero elements of F is an abelian multiplicative group,
A field is generally written as (F, +,.) of simply as F.
Postulates for Field :
The system (F, +,.) is a ficld if the following postulates are satisficd
Fy : The systera (F, + ) is an abelian group, s0 W have the following propertics:
(i) Closure property.
a€EFbEF=>a+b€EF, Yab e F.
N\ (ii) Associativity of addition.
“ (@+b)+c=a+@®+c)¥Yab,ccEF.
/ (iii) Existence of additive identity.
a+0=a=0+a, VYVa€EF

(iv) Existence of additive inverse :
at+(—a)=0=(—-a)+a, Ya€EF
(v) Commutativity of addition.
at+b=b+a YabeEF ‘
F, : Multiplication composition is lcft and right distributive with respect t0
addition :
a.b+c)y=a.b+a.c and(b+c).a=b.a+c.a, ¥V a,b.cEF
F3 : The subset of non-zcro elements of F forms an abelian multiplicative grov?
and so we have the following properties :
(i) Closure property.
a€EF,beEF=>a.bEF Yab EF
(ii) Associativity of multiplication.
(@.b).c=a.(b.c)Vab,c€EF.
(iii) Existence of multiplicative identity.
a.1=q=1+4+a, YaEF
(iv) Existence of multiplicative inverse :
a.al=1=4"1 4 VaEF,a#0
(v) Commutativity of multiplication,
a.b=b.a, Va,bEF
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Definitlon IV ¢ A commutative division ring is called o field

Examples (;)l' Fleld. The rings of rcfal numbers, rational numbers and |
numbers are fields as cach ore of them is a commitative ring with s and complex
non-zero element of each of the above rings possesses multiplicative unity and cach

y > Inverse,

COMPARISON OF RING, INTEGRAL DOMAIN AND FIELD

"§.No. Ring (R, +,.) .
S g Integral Domain Field (F, +,.)
D, +,.) .
: R. +) is an abelian i i .
G |(R,+) (D, +) is an abelian (F, +) is an abelian
group group group
(ii) |(.) is associative (.) is associative (.) is associative
(iii) Distributive laws are Distributive laws are Distributive laws are
satisfied satisfied satisfied
(iV) [ (.) is commutative () is commutative
(V) [omessenn Unity belongs to D Unit belongs to F
(Vi) fomnee e Muitiplicative inverse of
each non-zcro element of
F exists and belongs F
(vii) |may or may not possess does not posses proper does not possess proper
proper zcro divisors zero divisors zero divisors.

From the above table, it is clear that the only difference between an integral
domain and field is that every non-zero clement of a field possesses a multiplicative

inversc whereas in an integral domain it is not so.
An important property of a field E.

Ifa,b € F,. then
a+bEFa—-bEF,a.bEF, gb~leFforb#0

§2.9. THEOREMS ON FIELD AND INTEGRAL DOMAIN

Theorem 1. Every field is an integral domain.
(Gorakhpur 94, 2010; Poorvanchal 92, 94, 96;)

Prouf. Here we have to show only that a field F has no zero divisor as it is a

commutative ring with unity.
Let a, b be the elements of the field
ab=0
Asa#0 a1 exists and we have
ab=0=a"l(ab)=a""0
> (@ la)b=0 «"10=0
cala=e
(e multiplicative identity)

F with a # 0 such that

= ¢b =0,

veb=b
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ie. az0,ab=0=>b=0

Similarly, b # 0,ab = 0=>a = 0.
. A field has no zero divisors and hence every field is an integral domain,

~ Theorem 2. Every integral domain is not neczssarily a field.
(Gorakhpur 94; Purvanchal 92, 94, 96)

For example the ring of integers i.e. (I, +,.) Is an integral domain but is not
a field as the only inversible elements of the ring of integers are 1 and — 1. The other
non-zero elements of I do not possess the multiplicative inverse.

Theorem 3. A finite integral domain (or a finite commutative ring without zero
divisors) is a field. (Gorakhpur 91, 95, 2016; Purvanchal 92, 93)

Proof. Let a finite integral domain consisting of the n elements ay,ay

as, ......, @y be denoted by D.
As D is an integral domain so it is a commutative ring with unity element.
Let a be any non-zero element of D.
Consider the set D' = {ax:x €D and x # 0}
For this we have ax =ay =>x =y, since the cancellation law holds in D"
x # 0 so the number of elements of D'is n — 1. Also unity element 1 is an element
of D', |
Hence to each non-zero element a of D there exists a non-zero element x o
D’ such that ax = 1.

5. l.e. each non-zero element of D has multiplicative inverse. Also D has 1
divisors. Hence the theorem.
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§2.10. CHARACTERISTIC OF A RING

Let (R, +,.) be a ring with 0 as its zero elements.
integer n such that

(Gorakhpur 2005, 07, 11 )
If there exists a positive

hna=a+ata+..tonterms =0V ge€R
then such smallest positive integer » is called the characterisitc of the ring (R, +,.)

If no such positive integer n exists, then the ring (R, +,.) is said to be of
characteristic zero or infinite.

Example : The rings of integers, of rational numbers, of real numbers are of
charactenstic zero as there exists no positive integer n for which n .a =0, ¥ a € the set
of integers or of rational numbers or real numbers.

Theorem. The characteristic of a ring with unity is zero or n > 0 according as

the unity element ‘e’ regarded as a member of the additive group of the ring has the
order zero or n.

Proof. Since e is the unity element of the ring R (say).
s0 0 (e) = o = characteristic of ring R is 0

Let o (¢) = n = a finite number so that n is the least positive integer such that
ne = (.

Alsoas ea=a=ae V a€ER
na = n (ea)
= (ne)a=0.a, ne=0
=0
. n 15 the leat positive integer such that na =0
i.e. characteristic of the ring R is n, by definition.
Example 1. Find the characteristic of the ring (I4, +4, *4) of integers modulo 4.

Solution. Here we have 14 = {0, 1, 2, 3} and we get
0+40+40+40=0
1441441 +41=4=0 (mod. 4)
2442442 +42=28=0 (mod. 4)
3+4+43+43+43=12=0 (mod. 4)

ie. 4a=0, Vael,

Hence the given ring has characteristic 4.
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§2.11. CHARACTERISTIC OF AN INTEGRAL DOMAIN

Let ¢ be the unity element of (+) of the integral domain (D, +, )

Letle=e+e+e+ .. tod terms, .

For the additive cyclic group generated by the unity clement e interpreting the
above relations additively, wc have -

(1) pe + ge = (p + q) e, where p and g arc ntegers.

(it) 0.e=0

(iii) q (pe) =p (qe) = (Pg) ¢

)  (—He=A(-¢)

The cyclic group generated by e, the urity clement of D, s isomorphic to the
additive group of integers. Also it is isomorphic to the additive group of residue
classes modulo m, where m can be proved to be prime. Hence the order n of the
cyclic group generated by the unity clement e of an integral domain (D, +,.) is
ca'led the characteristic of the integral domain.

Theorem 1. If (D, +, .) is a finite integral domain, then (D, +) is a finite abelian
group.

We know that characteristic of (D, +,.) is the order of the unity clement ¢
of the group (D, +).

. (D, +) is a finite group = o (e) is finite.

= charscteristic of D is finite.
Theorem 2. The characteristic of an integral domain (D, +, ) is either 0 or @

prime number. (Gorakhpur 2010, 13)
Proof. The charateristic of D 1s either 0 or n > 0
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If the characteristic of D is 0, then the theorem is proved partially

If the characteristic of D is n >0, then we are to prove that n is a prime

pumber. o
Let n be a composite integer i.e. not prime. Then we can write n = nyn,, where

'1<n1’n2<n

Now characteristic of D is n
= 0 (e) =n , where e is the unity element of (D, +,.)

=>ne=>0

=> nnye =0 n=nqn,

= 1y (nze) =0

= (ny1e) (nye) =0

=>ne =10 or nye = 0 as D has no zero divisors
= characteristic of D is either ny or n,.

which is a contradiction that characteristic of D is n.
Hence n is not composiic.
. n is prime.
Theorem 3. The characteristic of an integral domain (D, +,.) is 0 orn >0

according as the order of any non-zero element regarded as a member of the group
(D, +) is either 0 or n. (Gorakhpur 2005)

Proof. Let a be a non-zero clement regarded as a member of (D, +)
If 0 (a) = 0, then the charactyeristic of D is also zero.
If o (@) = n (which is finite), then na = 0.
Let b be another non-zero element of D, then
na=0=(na).b=0.b
> (@+ata+t ...ntimes).b =0
>a.(b+b+b+..ntimes)=0

=a.(nb)=0
Since (D, +, .) is an integral domain so it is without zero divisors and a # 0
then a.(nb)=0=>nb=0

But as o (a) = n, so n is the least positive integer such that na =0

Hence 7 is the least positive integer such that nk =0,V kK € D and therefore

the characteristic of (D, +,.) is n
Theorem 4. Each non-zero element of an integral domain (D, +, .),

as an element of a group (D, +) is of the same order.

Proof. Let a,b be any arbitary non-Zero element of the integral domain
(D, +,.) such that a # b . :

Let o (@) =n and o (b) = m, where a,
50 that ng = 0, mb = 0

Now o(@)=n=na=0

regarded

b are regarded as elements of (D, +)
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2 Algebr
= nb = 0, as in theorem 3 above
»o(b)sn

=>m < n, since 0 (b) =m

Similarly o (b) =m =mb =0
=g .(mb)=a.0
=q.b+b+b+ ..mtimes) =0
>(@.b+ab+a.bt ...mtimes) =0
=>(@+ata+t..m times) .b = 0
= (ma).b=0
=ma = 0, wb#0
=o0(a)sm
=n <m, ‘co(a)y=n
Thus we have m <n and n < m.
So m=nie.o(b)=o(a)
Hence any two non-zero elements of the integral domain (D, +,.) have ths
same order when these are regarded as members of the additive group (D, +).
Also if 0 (@) = 0 and we suppose that o (b) = m (which is finite), then we ha
o(b) =m= o(a) =m = m =0 as proved above.
So o (b) is also zero.
Theorem 5. In an integral domain (D, +,.) , all non-zero elements generat:
additive cyclic groups of the same order which is equal to the characteristic of tk
integral domain.

Proof. Let e be the unity element and a be any non-zero element of the integré
domain (D, +,.) .

Case L If the characteristic of the integral domain (D, +, .) is zero.

Then if m be the order of the cyclic group we have

mez0ifm=0

Now ma=m(e.a)=(me).a#0,if m#0,a#0

So ma =0 only if m =0
. The additive cyclic group gencrated by any non-zero element a is of ord?

Case IL If the characteristic of the integral domain (D, +, ) is a prime numb¢
p (say), then

pa=p(a.e)=ple.a) a.e=a=¢e.a
=(pe).a=0.a=0
Also ma=m(a.e)=me.a)= (me).a
: ma=0=>me=0(
ie. ma=0=>m=JAp, where a # 0,m = 0
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~ p is the least integer m such that ma =0
. The additive cyclic group generated by any non-zero element a is of order

p.

§ 2.12. Characteristic of a field.

Definition. Let (F, +,.) be a field and let e be the unity of this field. Then by
the definition of a field we know that (F, +) is an abelian group.

If the order of ¢ [considered as a member of the abelian group (F, +) | is
zero, then the characteristic of the field is zero. |

Again, if the order of e is finite, say p then the characteristic of the field F is

Fields with non-zero characteristic are called Modular Fields.

Example (i) Consider the ficld (R, +,.) of real numbers. The unity of this
field is 1. The order of 1 [ considered as a member of (R, +)] is zero. Therefore the
charateristic of the field (R, +,.) 1s zero. |

Example (i) The characteristic of the field (Is, +s, *5) of integers modulo 5

Is 5. - (Gorakhpur 92)
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