METHOD OF VARIATION OF PARAMETERS

% 68 . method is used to find a particular inte

t ot of the given. differential equation ig known

Let the complementary function of the equatxon

dy

dy =
dx2+de+Qy_.R

gral whenever the complementary

(1)
E y=Au+By . (2)
- here wand v are functions of x and 4 and B are constants.

u and v are part of C.E.

du | du L0
e +de + Qu =0 | | -0
| P | (4
| and | sz—+PZx-+QV— | 7 ’()
Let the complete solution of (1) be 6)

y =Au +By

| where 4 and B are not constants but suitable functions of x to be s0 choosen that (5)

 satisfies (1). Now, -
‘ @Y _ gy, + By tAm + B0
dx

n=

' ' .(6)

ot . yy = Au + Bvy + (A + ByY) |
Let us choose 4 and B such that 3 (7

| A+ By =0 | ]
o | (8
Hence, equation (6) becomes S | @)
Y1 --Aul + Bv1 B - .(9)
A 2 + Bl + &) :

Y2 = A ¥

R  § (5) (8) and (9) in (1) respectively, we
: P g . f y, yl’
~ Substituting the values &
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+ By *
o ut:,,m.‘: By + AW * Puz + Qu) 3 B("Z + P "1 + Qv) i
141

or
{
Using (3) and (4), we £¢
Agy + B = =R B G
Solving (7) and (10) for Ay and B ¥¢ 8"' o e b

A+ By = | 5
Ay + By~ R = 0 »

A1 __Bl ____.]_'._--

> - Rv Ru u 1 o ulv
== ¢(x) (saY) P
- 4 Wl'“l oo, A8
= = x (e ) 5
Integrating (11) and (12)’ wc gct A i B e
i dx + a g
, BOE e iy -y
| and .'_.fvw(x)dX'éHb;s; bobos 430 anoidnou] o (14)
" where a and b are arbitrary constants of integration.” 1@ i
Putting the values of 4 and B in equation (5); we get:
y=10 p(x) dx + au + [[ (x) dx +b}v
/ . 4
or = uf¢(x)dx+vf¢(x)dx+au+bv |
| This gives the complete solution of (1)
Steps for Solutlon :
1. Write the glven cquatxon m the form (1f lt 1s not so) | :
J()"l«f;i‘:'ﬁ QX AT Y UL
',,‘.L : . +P + R DL il : v . b=l >v‘"i}';
y . 2 Qy (l:‘
Fi d‘ the CE of cquatlon ) by takmg R O Let the C.F. of (1) be
, R ) R T S A
a _here c1 and ¢y are arbltrary constants and u v are functxons ofx, .
% £ 3 Replacing c; and ¢; by A andB in equatlon (2), where A and B are functwm
t ofx Now consider | S
1 t _as the complete solutton of equation (1) 2 ks
£ 4 A__andB are determmed by the formulae e
Jouvy =y
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Mar&nﬁal Equation of Second Order 171

where @ and b are the arbitrary constants of integration.
5. Write y = Au + Bv as the complete solution,

Extension of Variation of Parameter method : The above method can bec
extended to linear equation of any order.

Consider a differential equation of 3rd order as

e 1. M by i

dy  pd¥  ,d |
o PP 3+ Q +Ry =5, S g F e

AR

Lety=u, y=vandy =w be the solutions of the given equation when S = 0.
Let the complete solution of (1) be i
y=Au+ Bv + Cw X oo _
where 4, B and C are some suitable functions of X3 4
The conditions to determined A, B, C are 5 slgrmss
Au+By+Cw=0 , SRR O

A Ay + By + Ciwy =0 )
and . Aqus + By, + Ciwy =0 .(4) ‘r

Solving (2),_ (3) and (4), we get A1,31 and C; which .by hltegl'atioﬁ-.v'vill give .
- A,Band C. | | '

As the solution is obtained by varying the arbitrary constants of the coinple—
mentary function, the above method is known as that of variation of ‘parameters.

Example 1. Solve by the method of variation of parameters the equation - -

i?z ~Eathy e s
ek a%y S

Solution. Here, the auxiliary equation is

(Gkp. 2011, 13, 15)

mi+al=0 or m==zia
C.E =cjcosax + c; sinax.
Let the complete solution of given differential equation be
y=Acosax +Bsinax (1) g
Where 4 and B are suitable functions ofx. -~ . . - ;i
To determine the values of A and B, we have o 1
A~=f-'—'-'—&)—-dx+c1 : R %
uvp —uy . : o R
— secax * sinax | : !
» {cosax.: acosax — (—asinqx) sin ax} i

;_ftanaxdx_*_cl_ ;
. a B

dx + ¢q

; : 5
== logcosax + 1. -
a

Where ¢, is an arbitrary constant of integration. "¢
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172 : Equ
B Ru Yoy, B
B = j dx + ¢y g

uvy — Uy
| Sec ax * cos ax
= - - _\
{cosax - a cosax — (— a sin ax) Smax}d’fﬂ-cz

‘=1fdx+62=£+C2.
a a

where c, is an arbitrary constant of integration.

Using these results in equation (1), we get
_ (L x
y= (az log cosax + cl) cqsax + (E + Cz) Sin g

which is computc solution of the given equation,

- - - r.l -
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_ {m?.r—log(ﬁeczﬁ tan 2x) + ¢4} cos 2¢ + (= cos 2v + ¢,) sin 2
y=c3cos X +cpsin 2x

= cos Zx log (sec 2x¢ + tan 2x)

et €1 and ¢, are arbitrary constant of integration,

=1

gxample 3. Solve by the method of variation of parameters

N (Gkp. 2008, I4s 1991)
g‘-‘mﬂlﬂ}azo and —‘—=thell.‘c=0.

dx
Solution. Here, the auxiliary equation is
m*—4m—5=0
or - (m=5m+1)=0 > m=35,-1

CE = c1eSr + ce™*
ie,part of CE are u =&, v = ¢ ™%,
Let y=Ae* + Be ™™ )
be the complete solution of the given equation where 4 and B are determined as :

A= [;Rv—dr+c1
= uvy —uqv

e i EX ik <
- [ wg R=e

=%f xe S dx + ¢4

=@+

' : Ru
= | ———dx+c
and B vy — Uy 2
fxe —x. eit 'y 2

—6e¥

y)

___]‘_('_r_z.) +62=—_];’x2+62.
6 _

Hence, from (1) the complete solution is

e

. 25 G+ De - —-x2 &,
or

3 y__clgﬁl‘-i-cze"—-'—(xz+6:r+1)e_Jr T 2)

Differcntiating equation (2) with respect fo x, we get |
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Example 4. Solve by the method of variation of parameters :

fiY dzy dy
o 2 L2 4y L —y—xzex.
. 2¢ bRmitgratsh o ) dx . (Gkp. 2006, 10,1

Solution. The given equation is

cxy +xy' —y =xzer | o
or A Ly 4 ; -3 y e | o
Here, R = €.
Consider the equation y'’ + xl y - xlz y =0 for ﬁndmg parts of C.F.

Put x = ¢* so that z = logx. Then the above equatlon reduces to

[D(D—1'3+D—i]y=0 whereDEE.

or | D?>-1)y=0"
Auxiliary cquatlon is

m—1=0 = m==+1

C.E =0 ez + Cze—z-= cx + Cz.-x]-'

Herice part of C.F, are xand > .
= - : X
Let u=x and v=1/k

5 ,
Let y=Ax + — be the complcte solution, where A and B are functio? of ¥

A andB are dttermmed as °
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e [ Ry
| ‘ x |-
_1 1, ELEE
—-z—fexdx+cl=§ex+cl.

R [ & |
and B=f-—udx+C2=fx(—i)jl-(}_)dJC'i'Cz
xZ

o=

uvy — uypv

=—%fxzetdx+c2

| —%ﬁ&+@—né+qQ
Hence the complete solution is given by -
B_(layc|es |-y
y=dAx+ = (§€x+c1)x+ ,:—‘zx ex+(x—1)ex+c2] %
' g (A e e o
or ' y:clx+-;+(1—x)ex.
where ¢ and ¢, are arbitrary constants of integration.

m crmamntinn nf navAssAfasn ean _21
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