Motion in A Resisting Medium
(Straight line only)
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4.1, INTRODUCTION

Every body moving in a medium like air feels a resistance to its motion and
this resistance increases as the velocity of the body increases and so it (resistance)
may be assumed to be equal to some function of the velocity of the body.

So far the actual law of this resistance could not be discovered but for projectiles
moving with velocities under 800 ft/scc. the resistance is taken to vary as the square
of the velocity whereas for projectiles moving with velocities between 800 ft./sec. and
1350 ft./sec. the resistance is taken to vary as the cube or even a higher power of the
velocity. But as the velocity of the projectile increases beyond 1350 ft./sec then the
resistance again appears to be varying as the square of the velocity. '

This resisting force always acts opposite to the direction of motion and is =
non-conservative and so the principle of conservation of energy is not applicablg.f_ ﬂ)\

Terminal Velocity : If a particle is falling under gravity in a rcsisting_:xpf@_i_q’xp; &
then the velocity ¥, when the downward acceleration is zero, is called the ‘terminal
velocity. It is also known as limiting velocity. (Gorakhpur 2010, 12, 15)

§ 4.2 MOTION OF A PARTICLE FALLING FREELY UNDER GRAVITY
A particle is falling from rest under gravity, supposed constant, in a resisting
medium whose resistance varies as the square of the velocity; to find the motion.
(Gorakhpur 2005, 07, 09, 11, 12)
Let the particle of mass 7 (say) be at a distance x from the starting point after
time f. Let v be its velocity at this position. The force due to gravity acting vertically
downwards on the particle is mg. The resistance varies as the square of the velocity
and therefore the force of resistance on the particle s mkv? acting against the direction
of motion and hence acting vertically upwards. 3
. The equation of motion of the particle is
mx =mg— mkv?

or ¥ =g-k?=g (l—gvz) P ()

Let V be the terminal velocity of the particle i.e., Let V be he/velocity of the
particle when its acceleration is zero in the vertically downward motion.

Then from (i) we get 0=g (1 - gVZ) oo k=1 (1)
/| 8 |
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138 Mechanics

. From (i) the equation of motion reduces to

2
_d__z?ci =g|1- ,.v_? ..(iii)
dt V=
dv p2 ) —vdv =2
or V= (1—[/2} £ W= or 72 _ 2 2 &
. 2g
Integrating we get log (V2 — %) = — ;/"Z“x +e6 / Jv .
where ¢ is constant of integration. W =V .

Initially x=0,v= 0, - lOg VZ =
. From (iv) we get log (V2 — v%) = — —V%x +logl? - Cr— 4

2 |t __ég ‘
or  log(V2—v?) —logV?=— ?/gz-x or log ( ) ] ==
2 _ 2 . 2 2. loalil )= <
or v V]=e—29‘/V2 or 1—-v——=g_2gC/V .
V2 V2 :
2 / .,
or w=121-e" 28/V7y Ao gl : L)
which gives the velocity of the particle in any position.
dv v L dx_av
Again from (iii) we have — 7 =8 (l Vz] 5 T d
dv _ [V2-V? g , _ dv
or - 2 or Vzdt—Vz—vz
' V+v p
Integrating we get If t= D% log 7 + Cj, (V1)

where Cj is constant of integration,”

Intially, t=0,v=0, .. C; =0

. : 8,1 VHv) 1 p-1 (Y
. From (vi) we get Vz.t 2Vlog (V—v) = Vtanh (—)

y
. o tanh (‘Ig/-t) or v =Vtanh (‘;":— t), (VL)

which gives velocity of the particle at any time. ' (Gorakhpur 2006)
Eliminating v from (v) and (vii) we get

12 (1 — ¢~ %/V) = V2 tanh? gt/V)

2
or 1— e~ %/V" = tanh? (gt/V)
2
&F e~ 8/V" =1~ tanh? (gt/V)
or e~ B/ v sech? &t/V)
or e /Y2 = cosh? (gt/V)
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I 2 g cosh (V)
201 LY
2 = 9100 g

; 12 og cosh (V) y

1%
? X = —g- log cosh (gt/V),
Jhich gives the position of the particle at any time.

§4.3. MOTION OF A PARTICLE PROJECTED UPWARDS

A particle is projected vertically upwards under gravity, supposed constant
ina resisting medium whose resistance varies as the square of the velocity; to find
fhe motion. ' (Gorakhpur 2008, 10, 12)

Let the particle of mass m (say) be at a distance x from the starting point after
ime f. Let v be the velocity at this position. The particle is moving upwards and its
weight mg is acting vertically downwards. The resistance varies as the square of the
welocity and therefore the force of resistance on the particle is mkv? acting against
the direction of motion and hence acting vertically downwards.

The equation of motion of the particle is

2
’T' %t—)zc = —mg = m'kv2

Px__, (1 + Ev%) .0)
e g
Let ¥ be the terminal velocity of the particle, we put V2= g/k.‘

: d’ V) _ B 242
"'me(l)WCgetEtE=—g[1+VZ]—. Vz(V +v7) (i)

Now (ii) can be written as

vav _ _ & (12 +V)
VZ

- vdy  _ _ 28 40
2
__x ..(iii)
Integrating, log V:+ v?) = 2" +G oL

where C is constant of integration.
dletv=1Uu then C = log(V2 + uZ)

ave log (V2 + vz) =—(28/ Vz)x + log (V2 + uz)l

O L ()
o yai o8 [VZ + 12

sition.
- [}

Initially x = 0 an

. From (iii) we b

which gives velocity, of the particle at any po
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A i ggﬂ_ﬂ_(Vsz) sincc%——
gain from (ii) we get - 12 L dt dt
g : dv
or - =2_at =
2 T
Integratin ~ £ = L tan™1 Zl+ G
g £ V2 1% V
where C; is constant of intcgration.
1 1 (U
Initially t = 0,v = i, s G="y tan™" (f})

or

)L§ 4.4

when resistance varies as the velocity; to
rest.

2¢  dv

(V)

1 1 (u
. From (v) we get - % = -I!/-,tan'1 (-17) - T/—tan 1 ('17)

o]

which is a relation between time and velocity. |

VERTICAL MOTION WHEN RESISTANCE VARIES AS THE VELOCITY
(A) A particle falls under gravity (supposcd constant) in a resisting medium

find the motion if the particle starts from

Let v be the velocity when the particle has fallen a distance x in time ¢, The
equation of motion is

mg—-=mg—mkv
dt?

(1)

where mk v is the resistance and m the mass since v = (g/k) makes % =0,

or

or

(g/k) = V (say) is the terminal velocity. Hence from (1)

dv _dv _ 4
Vi T ‘3(1_17)
vdv _ g
V—v_de

Integrating, —v—Vlog(V—v) = % x+A.
Initially x =0, v =0, therefore, 4 = — Vieg V

Hence, —v—Vlog (V; v) = i—.x.

g==wW-1"log[1-2%
14
This is the relation between x and v.

Again from (2),
dv
V—-v

=&
T

Sca

dr?

-(2)

(3
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which on integration, gives
log(V—v) = —f%' +B.

Initially ¢ = 0, v = 0, thercfore, B = logV

Hence log (V-' v) .y

V |4
! v="V(1-e8Y) (4)
This result shown that as ¢ - «, v increases and tends to V the terminal velocity.
dx
4 — = — e 8/W
From (4) 5 V(l-e )

which on integration, gives
2
x=Wt +I—;—e'3‘/V+C

2
Initially ¢ = 0,x = 0, therefore C = — —,

2
Hence, x=WVt- % (1-e 8"y «(3)

Equation (4) and (5) give velocity and distance fallen by the particle at the
end of any time ¢.

(B) A particle is projected upwards under gravity (supposed constant) in a
resisting medium whose resistance varies as the velocity; to find the motion.

Let U be the velocity of projection, v the velocity at time ¢ when the particle
has risen up a distance x above the point of projection. The equation of motion is

& = —mg—mky
dr?
dv dv v
0 —_—=——= - — .
r Vst g (1 + V) (1)
where V' = (g/k) is the terminal velocity’
Therefore,
vdv _ g
V+v de’

which on integration gives

v—Viog (V +v) = —§x+D.

Initially x = 0, v = U, therefore
D =U-Vlog(V+ U)

_ ¥ V+v vV
Hence, V= ] log v+o T " U-v) «(2)
At the maximum height v = 0, therefore the greatest height
=—4+ —1
g g BV+uU ~3)

dv
Again, from (1), V+v %d‘
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which on integration, gives
log(V+ v) = — 'Ig}t + E.
Initially, ¢ = 0, v = U, therefore E = log (U + V)

V+v g
Hence, logy 75 = !
ar v=WV+U)edV-V (%)
dx

or V+Ue V-V

E =
Integrating, we get

x = ——E(V+ Uye 8V -1t+F

Initially ¢ = 0, x = 0, therefore F = _gK Vv+0
Hence,

Equation (2) gives the velocity at height x above the point of projections.
Equation (4) and (5) give the velocity and the height risen at the end of any

time .

ILLUSTRATIVE EXAMPLES

Example 1. A particle is projected vertically upwards with a velocity  in a
medium, the resistance of which varies as the cube of the particle’s velocity. Determine

the height to which the particle will ascend. ;
Solution. Let the particle of mass m (say) be at a distance x from starting

point after time . Let v be its velocity at this position. The particle is moving upwards
and its weight mg is acting vertically downwards. The resistance varies as the cube

of the velocity and therefore the force of resistance on the particle is mkv3, acting
against the direction of motion and hence acting vertically downwards.
The equation of motion of the particle is

mE = —mg-mis® or @=—g(1+§v2), )

de? dx
since d%x/dt? = v (dv/dx).

~ Let V be the terminal velocity of the particle. If the particle be moving
vertically downwards in this medium (g9ven), its equation of motion is

d*x
—| =mg —mky3
dar g
. 0 =mg — mkV3, where V is its terminal velocity.
ot g=k»3 or g/k=13 -.(i1)
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-, From (i) we get vdv/dx) = — g[1 + (V3 /V3)], put % 3

_vdv g
- T V3Jx ...(iii)
Now LA 4
P+ v+ )R -vV+ 12
A Bv+C "
SEEY) w2 -9
3 v=AWV =W+ 1)+ Bv+C) v +V)

v=(A+B)V*+{—AV+ BV + C)v + (A2 + CV)
Equating the coefficients v and v and constant terms on both sides, we get
0=A+B;1=—AV+BV + C; 0 =AV? + CV.

Solving these we get A = — (1/3V) = = B and C =%
. From (iv) we get
v ___ 1 v+
v+ V)2 —wW+ 13 W+ V2 — v+ 12
1 1 v+ V
B 3_VLV+V*v2—vV+V2:|

. From (iii) we get

_ g =___1_” 1 v+ V v
Vadx W v+V -+ V2
¥, _ 1 . 1@+2)dV
o Vzdx v+ 7P T2 e 2
% . _ dv _1|l@-n+3v|
1) Vzdx v+V 2{ 2y + V2

Integrating we have

—g+C log(v+V) - f Z_ WtV 2 L =wW+V
d

1 3
=log(v+V)—ilog(vz-vV’sz)'in v-Ltvp+dp
2

v——V
2y _ 3 -1
=log(v+¥) ~3log (= WA=V ity B Ty v

v—V
i - ~ -1 ____) (V)
A Z;%t_*_c:log(v.,.]/)—-z—log(v vV + V) V3 tan ( Vv3 |
P =0.y= 'Vcll)
Initially x = 0,y ul(g‘ : (=¥ (v)
= log (u +V)-'ilc'g(uz"“V“’)"/italn Hy3

(
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Subtracting (vi) from (v), we get

3&:1 (v+V) 1 V2 — vV + V2

V2 8 u+Vv —Elog u -

-V 1 (2v=V
+\/37|:tan‘1 (lel/ﬁ)tan 1(;\5)]

If h be the required height, then at x = h,v = 0 and we have

e (V) _ 1 e
12~ B lurv) 28 2w+ 12
1
+ V3 |tan (Vﬁ)+tan (Vx@”

1/2
2 2 _ 2
or h:K log{( |4 ) u uV+ v }

VZ

s B0
R

V3 V3
+\/§tan_1{ uv3 }:l

2V —u

_ K% - (u2 —uV+ VZ)V2
u+Vv

Example 2. A particle of unit mass is projected verticaly upwards with velocity
V in a medium for which the resistance is kv when the speed of the particle is v.
Prove that the particle returns to the point of projection with speed ¥; such that
+ kV
V+V,= *,%log gg_—le
Solution. Let the particle be projected from a point O and let it be at P at a
distance x from O at any instant. Let v be the velocity of the particle at P.
The forces acting on the particle at P are the weight 1.¢ and the force due to
resistance kv both acting vertically downwards i.e. in the sense in which x decreases,
therefore the equation of motion of the particle is 1.y (dv/dx) = — 1g — ky,

v _ + kv —
or ( )dv— dx or (gmg)dv=—k_dx

g+kv
= (1_;%’7‘)-) dv = — k.dx
Integrating, v — (g/k)log(g+kiv)=—kx+C (1)
Initially v=V,x=0 - C=V~ (g/k)log (g + kV)
. From (i) we get
v=(g/k)log (g + k) = —kx +V — (g/k) log (g + KV ...(ii)
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thn. the particle reaches the highest point of its path,v=0andx=p (say).
Then from (i) we get
~kh+V - (g/k)log (g + kV) = — (8/k) log (g) --.(iii)
Now when the particle returns from the high int i i

/dy)=1g — kv
v
of 2 — kv dv = dy
el AN
or g — kv v=—kdy
or (1—;_%) dv = —kdy

Integrating, v + (g/k) log E—hk)=—ky+ C

Initially, v=0,y=0. ~ Cy=(g/k)log (g)
v+ (g/k) log (g — kv) = —ky + (g/k) log (g)

It 1s given that the particle reaches the
Viie, at O,v =Vjandy = h, so from

- (1v)
point of projection O with a velocity
(iv) we have

Vi+ (g/k)log (g — kVy) = — kh + (g/k) log (g) (V)
Adding (iii) and (v) we get

[—kh +V — (g/k) log g+kV)+ [V + (g/k)log (g — kV))] = — kh

or V'+ Vi = (g/k) [log (g + kV) — log (g — kv
or V+ 1 = %log BE KV

g — kI

Example 3. A particle of mass m, is falling under the influence of gravity

through a medium whose resistance equals x times the velocity. If the particle were
released from rest, show that the distance fallen through in time

A e
gm—z [#_t + e—th/m _ 1:\
J2i m

Solution. The resistance at any instant to the motion is uv, where v is the

velocity of the particle at that intant. The resistance is acting verticaly upwards as

the particle is falling under gravity. The weight of the particle mg is acting vertically
downwards.

. The equation of motion is

tis

d* doi: vop dy _ “oo..dx _dy
F:mg—,uv 0 d[z_g ’”V or dt =g 'nv,! . dtz—dt
@,_ﬂ -

a m’ =8

which is a linear equation in v and whose integrating factor is
o J wmyde _ eH/m
. Its solution is ve/™ = ¢ + [ g_e#t/m dt

Scanned by CamScanner



146

MCChanics
—CAicy
1
or v = ceTH/M 4 gg= HI/M [% e‘"/’"]
o v = ce K/ 4 (gm/p) (i)
Initially t =0, v=0, . ¢ = — (gm/p)
<. From (1) we get,‘v = % [1- e-—yt/m] _\
- i
dx i -
or ax _gm . _ ,-ut/m
a = [1—e ]
or =0 [1- e—,ur/m] dt
S H
Integrating, x =5:;_" [1 +%c—/‘f/m:| + Cy, where Cp is constant of
integration. , ‘ |
Initially x=0,t=0 .. C; = —gm?/u?
i 2
Hence x=&" {4+ o-u/m| _ gr%
70 ™ 12
gm i m —ut/m _ M
or =9 _ — U —_—
X, 7 _1 =+ 7 (4 #]

[\8]

=@—E [&+e‘/“/""— 1].
m

Example AXI:articIe of mass m is p;'ojected vertically under gravity the
resistance of the air being mk times the velocity. Show that the greatest height
attained by the particle is (V2/g) [A — log (1 + A)], where V is the terminal velocity
of the particle and AV is the initial velocity.

(Gorakhpur 2007, 12, 16)

Solution. The particle is projected upwards so the force of resistance on the
particle is acting vertically downwards and therefore the equation of motion of the
particle is

da dv dV dzx
m——=—mg—mkv or v—=—g—ky -rpZl 4% .
a a8 i (D)
Now if the particle is falling vertically downwards, then the equation of motion
is
dx
m— 3 = mg — mkv. (i)

Now it is given that the terminal velocity is Vi.e. the velocity of the particle is
V when its acceleration is zero in the downwards motion under
from (ii) we get mg —mkV =0
or V=g/k

We put v =g/k in (i) and then

. From (i) we get

av k
voo=—g|ll+=y| ==-p |14+ X
= osfivh) —-efie )

gravity. Therefore
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et

vav g
or v+ VT de
. i AV PR
pt T (1 v+ V) i
Integrating we have — EMx=v-Viog(v+V) +c, (V)

where ¢ is constant of integration.
Initially x = 0andv =2V, . 0=AV - Vieg(AV + V) + ¢
or c=ViogAV+ V) -V
. From (iv) we get
—@MNMx=v-Vieg(v+ V) + Viog(AV + V) — AV (V)
Let y be the greatest height attained by the particle, then at
x=y, v=0
. From (v) we get
—@/V)y==ViogV+VIeg AWV + V) — AV
=V[log AV + V) —log 1 — AV
= Vlog AV; V) -VW=Vig@A+1) -V
or - y=Ag R -log(1+A)
Example 5. A particle projected upwards with a velocity U, in a medium whose
resistance varies as the square of the velocity; will return to the point of projection

L3

-1 V1
V+ tanh v , Where V

with velocity v, = UV/V (U2 + V2) after a time E (tan“l

is the terminal velocity.
Solution. If the particle be coming downwards, then the equation of motion

is

m % = mg — mkv?, since resistance is given as k2,
t
. If V be the terminal velocity, then we have 0 = mg — mkV? _
or V2=g/k or k=g/V? 0,
Now if the particle be moving upwards, then the equation of motion is
d% 2 N
m—— = —mg—mkv (i)
dr .
oo dxnsdy
or _ v%:—(g+kv2), . dtz—vdx
i vadv
_vdv_ ————— = —dx, from (i)
= —dx or ’
3 . g+ @/
or vav _ _ 232- dx
v+v: v . -
2 2 ) X + y {111
Integrating we have log (V* +Vv°) (28/V°)
Where C is constant of integration.
C = log (V2 +u?)

Initially x = 0, v =u (given)

d
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- From (iii) we get

log (V2 + v2) = — (2g/V?)x + log (V2 + u?)
V2 + u?
V2 + 2

or (2e/V?) x = log (V)

Again from (ii) we have

or L (g + _55‘,2), from (i)

or —=__g—dt

Integrating we have L] tan™
where Cj is constant of integration.

Initially v =u, t =0, C; =Il/tan v

, 1 -1(¥| - _&,, 1. -1(¥
. From (v) we get 7 tan (V) =T t + = tan (V)
g U V .
Let t; be the time taken by the particle in reaching the highest point of its

path where its velocity is zero.

Then from (vi) we get ¢ = -;: [tan"1 -li] ...(vii)

or gl [tan‘1 % _ tan1 y—] (VD)

v

Also let & be the maximum height attained by the particle i.e.,x = when
v = 0. Then from (iv) we have

2h _ V2 + 42 % V2 + 12
'ﬁ = IOg — 'V_‘Z — or h= '2E IOg —VT- (Vlll)

From the highest point the particle will start moving downwards from rest
under gravity in the resisting medium and therefore the equation of motion of particle
while falling downwards is

av
my — = mg — mkv? = mg —m (_g_) 12, from (1)

dx V2
ya_ (=2 .
or dx = Vz ...(IX)
vdv _ 2¢g
o 2yt 12 (%)

Integrating we have  — log (V2 — v2) = e/ P)x + Gy,
where C, is constant of integration;

Initially (i.e. at the highest point) x =0 v =, .. Ci=i 162
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. From (x) we get
_(2g/V2) x =logV2 - log (2 — ?) .o(%0)
Let vy be the velocity of the particle when it reaches back the point of projection
pen atx = h,v = vy and so from (xi) we get

2g V2
25 = s
ah=log [Vz — 12]

V2 + 2 2
lo — v
of g [ 12 ] log [V2 . v12] , from (viii)
V2 + 2 2
I =
: 2 V2 — V12

or (V2 +ud) (V2 + v2) = 14

or W2V — v 2 (2 +u2) =0
or vi2 (V2 + u?) = u?1? -(A)
ot vy = uV/V(I2 +u?)

Again from (ix) we have

av g 42 .2 g dv
- == - Lt = ——
dt VZ(V ¥ o8 V2 V2 -2
Integrating we hve —I%t = —Il;tanh"1 —VI; + C3, ..(xi1)

when Cj is constant of integration.
Initially (i.e. at the highest point) t=0,v=0, . C3=0
. From (xii) we get t= (V/g) tanh™1 (v/V) ..(xiii)
. When the particle reaches the point of projection, v = vy and t = f; say.
Then from (xiii) we get tz = (V/g) tanh~! (v/V) o (xiv)
Hence from (vii) and (xiv), the required time

Vv
=t +hH= % [tan'1%+ tanh—l ‘?1] .

article moving in a straight line is subject to a resistance

Example
that if v is the velocity at time 7 when he distance

kv3, where v is the velocity. Show

. 1,2 ; - :
is s,v = u/(1 + kus);t = (s/u) + Eks , where u is the initial velocity.

(Gorakhpur 2014)
Solution. The equation of motion of the particle is
dzs_ g!=—kv3 . d2"= Q
gﬁ——kv% or v , s =
or (— 1V dv=kds

Integrating we have 1/v =ks ¢, where c is constant of integration.
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Initially s = 0 and v = u (given) -~ €= 1/u
_ , i 1 _ksu+1
. From (i) we get ;=ks+u— -
of v =u/(ksu + 1)
or gs ___u or M) ds = dt
da ku+l1 u
: 1 + ksu)? 4
Inte atm,(—————=t+c, (i
grating, ~— 5 2 (i)

where ¢ is constant of integration.
Initially s =0, r=0 .. ¢y = 1/(2ku?)

: . 1 + ksu)? 1
-+ From (ii) we get ( 2) =t+2ku2
or 1+ 2kus + k2u?s? = 2Ja’t + 1
or . t = (2kus + kKu?s2)/ (Jau?)

or t= (s/u) + 3 ks?.

Example 7 A particle is projected with velocity V' along a smooth horizontal
plane in a medium whose resistance per unit mass is # time the cube of the velocity,
Show that the distance it has described in time ¢ is 1/uV) [V(1 + 2uV%) — 1] and

that its velocity then is V/V(1 + 2uV%). (Gorakhpur 2006)
Solution. The equation of motion of the particle is

dv
moe = muvs
or % = —udt
Integrating, — (1/2v%) = — ut + C, where C is constant of integration.
Initially v = V¢ = 0, S C=-1/212
w2 T
o 1oyl 21
y: V2 V2
2
or B VO
1+ 2ul?
or V= L4
V(A +2uV)
dx V
or —=
dt V(1 + 2u V)
| 4
or dx =
V(1 + 2u V)
Integrating we have x = (1/uV) V(1 + 2u V21) + Cy, ()

where C; is constant of integration.
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Initially x =0, =0, .. Ci=—1/(uV)

. . 1

. From (1) we h = 2f) —
(i) we have x ‘uV[\/(1+2,th) 1].

Example 8. A heavy particle is projected upwards in a medium the resistance
of which varies as the square of the velocity. It has a kinetic energy K in its upward

path at a given point, when it passes the same point on the way down, show that its
K2 .

K +K° where K' is the limit to which the energy approaches in
its downward course,

loss of energy is

Solution. When the particle is going upwards, the equation of motion is

m dx_ _ mg — muv?
dr 8 H
d’x 1) .
or F_-g(l-i-gv) (1)
When the particle is coming downwards, the equation of motion is
m dx _ mg — muv?
g g — mu
d2x 3 .
or =g |15 (1
L g ( ; ) (i)
. If V be terminal velocity of the particle, then the from (ii) we get
1—w/g)V?=0 or V=g/u ...(ii1)

.. From (1) we have

d%x 2
Fbg[“?ﬁ]

ML ek 4 % i N
or o g 72| TR .
2v.dv 2g
Lvady _ R
or e o
Integrating we get log (V2 + V%) = — (28/12) x + ¢, )
where ¢ is constant of integration.
Initially x = 0 and let v =u. Then ¢ = log w2 + 12)
: 2g u? + V2 _
So from (iv) 7 = log 2412 ...(iv)

Let the height of the given point above the point of projection be k. Let vy

be the velocity of the particle at this point while going upwards. Then from (v) we
get

2 2 ‘
gg_ll = log Lt s Vz (V1)
% V12 + V
Let H be the greatest height upto which the particle can rise, then at
x=H,v=0.

Vi
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. From (v) we get _
2
2pH . |uttV (Vi
Again from (ii) we have
dv M 2 v fﬁ = l}'ﬂ
Yol g{l—gV}, a2 dx
dv v2 2vdv_ _g_
or _— —— dx
&R Y moaT

Integrating we have
(2g/1/2)x = — log (VZ = v2) + ¢y, (Vlll)
where ¢y is constant of integration.
At the highest point x = 0 [, for the equation (i) x is being measured from
the highest poing] and v = 0, .. ¢; = log 2
". From (viii) we get

(28/V?) x = log V2 — log (V2 — v?)

2
or 2‘(”x = log[ 4 2] o(1X)

2 V2—y
Now the depth of the given point below the highest point is H — h. Let v, be
the velocity of the particle at the given point while coming downwards.
Then from (ix) we get

28 V2
= (H-h)=1lo
1% ( ) g 2 — v22 (X)
2H g V2
or 7— 72 —log[Vz_vzzl
o o u + 12 o u? + 12 o 12
g 12 g v12+V2 g Vz—vzz )
from (vi) and (vii)
Vl + 12 2
or IOg = lOg
V V2 o V22
V12 + V2 VZ
or =
12 Z)
or (Vlz + VZ) (V2 - v22) =4
or (V12 = V22) V2= V12 v or "22 (V12 + Vz) = V12 12
or V2 = v12 Ve (vl + Vz) (Xl)

. The required loss in energy = 5 ’"V12 ¢ % myy2
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