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5 and Minima of Function of Two Variables

‘ fxy)is called maximum at the pointx =g andy = pje.,
b IZJ'A [uﬂct’on b) ifvaluc of the function f (x, y) is smaller than the value of
| f Pomlalf;)oints (x,y) in the small neighbourhood of (g, b) except the
- b) for & .
P b ,l‘e )
;&mh’ f @) <f (@b

s Letf (x,y) bea function of two independent variables x, y
Deﬁn!:lios continuous and finite in the neighbourhood of their values a

it.

y t(fay) respectively. Then the value of f (a, b) is called maxima if
T f(@+mb+K)<f(ab).

er be the relative value of i and k, positive or negative, provided

wheth finite and sufficiently small.

pd F 21

32, Minle? is called minimum at the point x=a and
n f(x,y) is called minimum a poun
fife“n::lg,e géint (a, b) if value of the function f (x, y) 1s greater than

{h ~ value of f (@, b) for all points (x,y) in the small neighbourhood of
(,b) except the point (@, b), i.e.,
f@&y)>f(@b). |
Definition : Let f (x,y) be a function of two independent variablesx, y

o J ite 1 iphbourhood of their value
t it is continuous and finite in the neighbor their v
Zuac:dtga(S;Y) respectively. Then the value of f (4, b) is called minima if

f(a+h,b+k)>f(a,b). |
- Whether be the relative value of h and k, positive or negative, provided.
| 1 andk are finite and sufficiently small.

| 13.Stationary and Extreme Poinfs o
i 3 gg;nition l:yA point (2, b) is called a stationary point if all the first

| order partials derivatives of the function vanish at that point. A stationary

. point, at which function is a max%mum
E point and the value of the function at
b ovalue,

: From above we concude that

4 Aminimum or neither of these two.

| 4.Local Extreme Value

| 141, Local Maximum

& Definition:Letz = f (%))
%mz'thenf has a local maximum at (2,

@byissuchthat

or a minimum is known as extreme
extreme point is known as extreme

a stationary point may be a maximum. or

be a function defined in the circular tegion
by if circular region D containing

fensf@d Y ENEDER.
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4.2, Local Minimum

Definition : Letz = f (v, y) be a function defined in the Circyly,
D of R*then fhas a local minimum at (@, b) if circular region p Con rt:gi(in
(@, b) is such that t

Fry) 2 @b) Y (ry) EDC R,

IS. Necessary Condition for the Existence of My,

Minima at a Point |

Theorem : 4 necessary condition for {(x,y) to have an €xtreme
(maximum or minimum) at (a,b) is that [ (a,b) =0 and J(a, by

provided these partial derivatives exist.
Proof : To determine maxima or minima of a function TG, y) at  poi
ing |

(a, b), we investigate the sign of
f(a+hb+k)—f(ab) )
which has invariable sign for all sufficiently small and finite valyeg Of h gng

k, positive or negative,
By Taylor’s theorem,

Jl@a+hb+k)=f(ab) + (h%.*-k%)

Ingy 0

Valae |
)

y=b
1 (20 Of e |
-+ -2—!- (h 3 +2}lkaxay + k ay2 (x=a)+ (2) |
y=b ‘

Now, for small values of /» and k the second and higher order termg a1,
much smaller numerically than the first order terms, and may be |
disregarded when determining the sign of (1). Thus, the sign of (1)
depends upon the first degree expression '

of . of
W 4 g )
. (1 ax ay (a.b)‘
But this expression change their sign when the sign of 4 and k are
cllllanged. Hence, in order that (1) may preserve a fixed sign it is necessary
that .
P8y o
[P3ctk5) o, =0 0
‘ : ly=s .
B f Since A and k are independent and non-zero, Therefore, (3) imples
A @, a0 - |

Hence, the necessary conditions that f(,y) chould have a mad™”
o ormiimumat (a,b) arethat |
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fe(@,b) = 0,f, (a,b) = 0

e function fooy=|x|+

ol b (0,0 even though the parti |y ha

ﬂum) at ( ) gh the partial dchatiVszaI; c(l:xtr(:mc Sitne
x an f"donolﬁxis(

i .
("fo 0. cont Conditions for f
- i€ v 0% f (x:
fgﬁ"iﬂe (Maxima and Minima';)) atto have an Extreme
{3 (a,b) (Lagrange’s

Conditipll)
e 055€5SES continuous second
o f(.x',}’) ond order . :
e e T et 5 () e
¢ b), e (@ ’ ' : d 10. Then by T a, b) viz
(b y Taylor's theorem. we
! ) . 0 orem, we
a*h,b+k)—f(a,b)+(h i
( _ ox ay (@b)

1. oaz' 2
LS K ;
(ab)

ms of third and higher order inh and k

w 3cons.ists of term
i it qecessary conditions for maximum or minimum at
Jiies i at (a,b) are
fi(a,b) =0 =1 (@Db).
Therefores |
1 |
f(a+h,b+k) "f(a,b)='fj(fh2+?lllc¥+tk2)+1{3' )
ahere akr = fn‘(aé b),s = fola,b)t = fy (a,b)
Now, by t ing h an J sufficiently small, the second de i
) o gree terms 1n
RHS. of (1) may be made to govern the sign of right h d si
 therefore, of the L.H.S. also. | ght hand side and

Thus, we Can write

Wt + 2ks + 1K = %— [Pr* + 2ikrs+ nk’]

= Liw o+ oprs + U + ik = 5]

s positive. Thc.sscoii
will have the same sign as’,
ed by the sign of r. Now, We

the brackets i
the expression ()
sign is determin

| Thg first tcr;n insicic
?ositive ifrt — 57 >0, Thus,
- rallvalues of 7 and k. This
: °°B§lder following cases.

| Case_l. Ifrt—- '5'_2 >0 a_ndr> 0, then
s fla+mp+0 -/
. Mllsmallvalues of h and k- Plance, f () bas a s ot @0
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Case IL If 7t — s* > 0 and r < 0, then
f(a+hb+k)—f(ab)<0.

Hence, f (x, y) has a minima at (a, b). .

Case III If 7t — s =0, then further investigatiop is p

- determine whether f (x,y) is a maximum or minimum at -
not.

eede
QY§dm

b o,
2 _

Case IV, Saddle Points : If nt~s" <0, then f (-f:J’) has Deithe,
maxima nor minima at (g, b). In tl}lS casef (@ + h’lb +K) - fla, b) is oy q
invariable sign, i.e., it has one sign for some values of h, while ; hof
another sign for other values of &, k. Such point is called a sadd]e .. as
17. Definitions : Stationary Points and Stationary v

A point (g,b) is called a stattonary pomnt if first opge, Pargy
derivatives of the function f(x, }{) vanish at that point. Thus, if fx, Wi
function of two independent variables, then

of g o Of
df = (—%dx + 3 dy.

x
df = 0,

Hence, stationary points can be obtained by solving followjp
equations simultaneously :

. d )
Now at the stationary points, L) 0= 5§ Thcrefore,

-
and (-gf) =0,

The value of the function obtained at stationary points are called
stationary values,

Note : Extreme points, the points of “

ridge” of maximum (or
minimum) saddle point are classified as station

ary points,

where it remains stationary is called ‘rid
Thus, we can explain it geometrically as,

B (Ridge of Maxima)
\ \ |
N
\ N ‘

" A (Ridge

|




Maim® and Minima (for Functions of Two Variables) | 241 4

. Rule for Determining th
W"rm 7ion of Two Variables g the Maxima and Minima

pofone of
| 0f fin d j and Y’ and equate them to zero,
) 1
¢ these simuitaneous e uations &L = o 9
olve quations - = [ = 0 forx andy.

() Then pairs of values of x and y, thus obt
st 1011317 values off (x, y). Let (a, b) be one of :1111;1 ;(zlaxrvglrog;:’f

,i_af

ind _’5’ 5 ay ¥ and substitute the point (g, b) in these.

Calculale 1t — s~ for the point (a, b).

w1E (1 — 5)>0andr<0 then f (x,y) |
@ ) and this point is called point of rriumzml A8 g maiomm at (a,b)

2
If (¢t =S )>0andr>0thenf(x ha
i) and this pomt is called point of Immn)g s minimum at (g, b)

e~ s < 0, then f (%, ) has neither maximum nor minimum
at (@, b) and therefore function has saddle point there.

w) Ifrt — ¢% = 0, the case is undecided and further mvestlgatlon s
pecessary to decide it.

: ) i
[LLUSTRATIVE EXAMPLES
ple 1. Find the maxinuin or minimum values of the function |

Ly (1 =x =) |
(Purvanchal 2005; Kumayun 2000; Gorakhpur 2002)

Exam

p=xy (L-x- ).
a, we have '

Solution ¢ Let
For maxima Or minim
W _ 3P —x— £y =0 = 2.(1)
= =3y (J =y =%y |

~zxy(1 %~ y)~-xf=0
), we get

Subtracting equation (ii) from (i

Py(l-—-x— _y@y-20 =0
y = 3%
y““lﬁg the value of y in equatson (i), we gﬁi
3x (1 —x- ;-X) ~gga =0
SPP 55~ :4 =0
%,ﬁ (3-6x)% 0
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MEXIMULE yases w2 7 g g WS = 0 = 8) = - cube unit.

F\ﬁ“‘l"" 7. Dmcuw the maximum or minimum values of

e SEpHEa (Avadh 2006)
Soluﬁon + We have given

u=xy - 5 - 5 — 8y.

o
™ = 2¢" — 10x — 8y
: ou
Coawmd oy =Xyl -&
| Thus for maxima or minima.of 1, we have
| Lle8 29"~ 10x — 8y =0 -(0)
| o
| ou s
——-2y—-10y—8x=0 (i)
and y

Subtracting equation (i) by equation (i), we have
Ay (x—y+10E-y)-8kx—-y=0

> 2y (x—y) +2(&=y)=0

= x—=Ney+1)=0
1

= y=xory=-—=.

When y = x, we have from (1)

26 — 18 = 0
E = xx—9)=0
x=0,x=%x3
=

Whenx = 0,.y =(,whenx=x3,y== 3.

| 1 : B
And wheny = — 7 equation (1) gives
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2 8 _
;—1o+x

1-x*=0=>x=%*x1

250 | RP Differential Ca

o nx=1,y=-—1,whenx= -1,y=1

Whe /
Hence, (0, 0), 3 3, (=3 =3 (1L =D/("L 1) are
of u. 2
o'u 2 L B
: |
ay |
Point | (0,0 | (¢¥3%3) [ (L-1) E ﬁ
5= ~10 26 —12 ik
- ~10 8 -8 g 1k
-5t = 36 64 — 28 64—144 | 64-14
' =-ve |[=—80=—-v&T=-80=-yf
Result Maxima Neither Neither Neither |
' maxima nor | maximanor | maximano ||
minima ~_minima minima

Hence, at only (0, 0), we get maximum value of u.
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